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BASIC PRINCIPLES OF AERODYNAMIC NOISE GENERATION 
D. G. CRIGHTON 

Department of Applied Mathematical Studies, University of Leeds, Leeds, England 

Abstract--This  paper gives a simple, unified, analytical description of a wide range of mechanisms 
associated with the generation of sound by unsteady fluid motion. Topics treated include radiation 
from compact and non-compact multipole sources, Lighthill's theory of sound emission from free 
turbulence, effects of source convection, sound generation from flow interaction with solid surfaces 
and inhomogeneities of the medium, and singular perturbation aspects of the aerodynamic sound 
problem. The concluding section discusses several areas of current interest and importance, including 
noise generation by supersonic shear layers, shallow water wave simulation of flow noise, the 
excess-noise problem, and the general issues bound up with shear layer and jet instability and the 
orderly structure of turbulent jets. 

1. INTRODUCTION 

AERODYNAMIC noise has a history of about 20 
years, both as a pressing problem of technology and 
as a reputable subject for analytical study. In the 
early fifties, Lighthill was stimulated by anticipa- 
tion of large-scale commercial jet air travel to 
formulate his successful theory of jet noise which 
has stood the tests of time and of far-reaching 
extension. Flow noise has subsequently become a 
matter of serious military concern in the operation 
and detection of ships and submarines, and the 
aeronautical and naval applications of flow-noise 
theory between them cover a wide range of inter- 
esting phenomena. None the less, there was some 
stagnation in the subject in the later fifties, and 
most of the significant advances in our understand- 
ing have come within the last 10 years. Many of 
these recent developments form a large part of this 
review. 

At the outset, it is worth saying exactly what we 
might expect any theory of flow noise to achieve. 
We are concerned essentially with by-products of 
fluid flows whose internal dynamics may generally 
be regarded as unmodified by the by-product--  
which is a small energy drain in the form of 
acoustic or structural waves. The hope then is that 
the flow dynamics will be more or less decoupled 
from the wave motion, so that we can attempt to 
predict the wave motion from an assumed know- 
ledge of the flow itself. Now, the prediction and 
measurement of quantities defining a turbulent flow 
of, say, the jet or boundary-layer type, is still in its 
infancy, so that a successful theory of by-products 
must be formulated in such a way as to make only 
minimal demands on the flow specification. On the 
other hand, lack of knowledge of features of the 
flow does not entitle us to make assumptions and 
approximations except with the greatest care. We 
are dealing with a small by-product, and approxi- 
mations which may be quite safe as far as the flow 
dynamics are concerned may be fatal for the by- 
product. Vast errors may easily be incurred in this 
way through apparently harmless approximations, 

especially in underwater flows, where the Mach 
numbers occurring are always extremely small, and 
the acoustic energy is a correspondingly minute 
fraction of the total flow energy. 

The aim of a theory must be to predict gross 
features of the induced wave motion in terms of 
easily estimated parameters of the flow. Highly 
accurate numerical predictions are simply not to be 
expected--a reflection of the fact that noise levels 
usually vary far more widely than do the parame- 
ters which describe the noise-producing flow. For 
example, if the exhaust speed of a turbojet engine is 
merely doubled, the noise power emitted is in- 
creased by 24 decibels, i.e. by a factor of 250. As a 
second example (cf. Section 8 below), the addition 
of small air bubbles in a volume concentration of as 
little as 1% to a turbulent flow in water can increase 
the radiated noise power by a factor of order 105. 
Clearly, in such circumstances it is far more essen- 
tial to obtain the correct functional laws for these 
effects than to pay attention to numerical coeffi- 
cients (which anyway are very rarely believed to 
have universal values in the aerodynamic noise 
field). None the less, experience seems to show that 
errors involving more than a factor of 10 are not 
incurred if sufficient care is taken, and that, in any 
case, dimensional trends and scaling laws are of 
enough value in themselves, in enabling data to be 
coordinated and experiments to be designed and 
interpreted, to justify a theory of aerodynamic 
noise. 

Our aim in this paper is to give a simple unified 
analysis of the way in which sound is generated by 
unsteady fluid flow. In the main we leave aside the 
way in which sound propagates as sound around 
diffracting obstacles and through refracting and 
scattering media. Such a separation into generation 
and propagation aspects is easily made at an 
elementary level, and is convenient here, though 
there is nothing fundamental in it. Generation and 
propagation aspects are often inextricably coupled, 
a fact which is becoming increasingly widely recog- 
nized as ideas from other branches of acoustics, 
and fluid mechanics generally, find a place in 
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aerodynamic noise. For  instance, sound propaga- 
tion ("refraction") through a shear layer is not 
necessarily an energy-conserving process. In- 
stabilities on the shear layer may be triggered by 
the sound wave into releasing additional acoustic 
energy- -a  process which has been observed experi- 
mentally both in the case of the jet exhaust shear 
layer (Crow, "~ Ronneberger (') and in the case of 
flow through a duct (Dean°). 

For  the moment, however, we leave aside these 
situations in which the flow and its sound field are 
in a delicate balance, and look first at the Lighthill 
theory ( ~  in a simplified manner, deriving the basic 
results, of which one is well known, the others less 
so. The application of these basic results is to the 
acoustic power radiated by free turbulent flows in 
the absence of boundaries. The internal evolution 
of the turbulent eddies will be supposed to be 
entirely unmodified by compressibili ty effects, and 
at first it will be supposed that there is no mean 
velocity field. Effects of eddy convection by a mean 
flow field will then be seen to be decoupled from 
those arising from the internal agitation of the 
eddies themselves. In accordance with what was 
assumed above, the Mach number of the turbulent 
eddies will be taken as small, but we shall look at 
both high and low Mach number mean flows. 

Now, many flows of practical interest do not 
involve just a homogeneous fluid flowing in a region 
devoid of boundaries. It is then necessary to con- 
sider in general terms what the effects of in- 
homogeneities in the flow might be, and then try by 
detailed calculation in a few special cases to see 
whether it is possible to give a reliable and reasona- 
bly general classification of these effects. Much 
recent work has been done along these lines, both 
for the case where the inhomogeneity takes the 
form of a solid body, and for the case where it is 
caused by bubbles or vortices in underwater flow 
noise. The introduction of the methods and ideas of 
diffraction theory has proved to be an essential step 
in understanding the way in which solid surfaces 
affect the sound generated by nearby turbulence. 
Here, of course, we are not concerned with the 
generation of sound through the prescribed motion 
of solid surfaces, which is the basic problem of 
classical acoustics, but with the potential which a 
pure.ly passive surface has for converting local 
hydrodynamic energy into sound. This has now 
been recognized as a dominant sound-generation 
mechanism in a wide variety of technologically 
important contexts. 

It will also be worthwhile to look briefly at an 
approach to the problem of aerodynamic noise 
which is rather more fundamental than that of 
Lighthill. This approach is based on singular pertur- 
bation expansions, and seeks to determine the flow 
dynamics and the emitted sound field as two largely 
distinct, but overlapping, aspects of the complete 
compressible flow problem. Few new results have 
yet emerged from this approach, through one gets a 

penetrating insight into familiar results, and a salut- 
ary reminder of just how restrictive are the condi- 
tions under which we have any theory of 
aerodynamic noise. 

The paper is concluded with a discussion of 
recent problem areas and speculative and con- 
troversial issues which seem likely to hold the key 
to further progress. 

2. BASIC ACOUSTICS 

In acoustics, we are concerned with small amp- 
litude oscillations of a compressible fluid about a 
state of rest. The basic equations of acoustics 
follow from linearizing the full equations of mass 
and momentum conservation and the equation of 
state. In general, it is adequate to assume the fluid 
to be Newtonian and to neglect all molecular relax- 
ation and diffusion effects, so that the stress on any 
fluid element consists simply of a normal pressure. 
Then, the mass and momentum equations can be 
written in tensor form as 

aP+O--tpu, = 0, (2.1) or clx~ 
O + ~ pu~uj c~p 

~-[ pu, = - ~~x~" (2.2) 

Neglect of molecular diffusion implies that the 
entropy of a fluid element remains constant, and 
therefore that the pressure p is a function of 
density alone. We thus have a differential relation 
dp = a 2d o, where a is called the local sound speed. 
Now, we linearize (2.1) and (2.2) about a state of 
rest in which the fluid has uniform density p0 and 
sound speed a0. Thus, the acoustic approximations 
a r e  

aa_fft + Ou~ po ~ --- O, (2.3) 

aU~ + p0-~- a:0 a0-~x = 0. (2.4) 

Elimination of u~ shows that p (and also p, u,) 
satisfies the homogeneous wave equation 

[ O  ~ - ~V~I at2 ao j p -= f -12p=O,  (2.5) 

where V ~-= a~/ax~axj. 
This equation has solutions of the form 

exp i ( k - x +  to t )provided co 2= aok 2 and k = [k[. At 
any instant, the phase of these solutions is constant 
over any plane k . x  = constant, i.e. over any plane 
normal to the propagation vector k. The phase is 
the same on any two planes normal to k provided 
the planes are separated by the wavelength 2~r/k, 
and thus these solutions represent plane waves 
with wavelength 2,r/k and wave fronts normal to 
the direction of k (specified by the unit vector k). 
Writing exp i ( k . x +  tot) as exp ik(f~.x +- aot) shows 
that the waves actually propagate in the directions 
___l~ with the same speed a0 regardless of 
wavelength. 
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More complicated solutions of (2.5) may be built 
up from plane waves by Fourier integrals. Thus, 

f F(k) exp i ( k . x -  k a o t ) d k  

is also a solution of (2.5) (except possibly at isolated 
singularities) for any amplitude distribution F(k). 
By choosing F(k) suitably and performing the 
integral, we can generate solutions of the type 

x -~ exp i (kx  +- kaot),  

where x = Ix[ is distance in three dimensions. 
Likewise, in two dimensions, we obtain 
H(o~'2)(kx) exp (+-ikad). These solutions are radially 
symmetric, and describe waves diverging or con- 
verging on some kind of singularity at x = 0. A 
wave diverging from x = 0 must have opposite 
signs for the coefficients of x and t, and is rep- 
resented by 

x -~ exp (-+ i k (x  - apt)) (3D) 

and 

o r  

H(o"(kx ) exp ( -  ikaot ) 

H(o2~(kx) exp (+ ikaot). (2D) 

The solutions contain, in addition to the phase 
factor, an x -~ or x -~2 required by energy conserva- 
tion for spreading in three or two dimensions. (The 
asymptotics of the Hankel functions are 

e ~-,,,,, H(°'(x) - ulrx J 

r ~ ],,: e-~+,:,,, HT>(x) - t~rx_l 

accurate for x >~ 4 essentially). 
In much of what follows, we shall take Fourier 

transforms in t, which amounts to assuming a time 
factor exp ( - i w t )  for the whole field. Thus, the 
frequency w is regarded as fixed, and to that 
frequency corresponds a single acoustic 
wavenumber magnitude oJ/ao, which we denote by 
ko. A plane wave travelling in the x-direction is then 
represented by exp i(kox - wt)  while radially sym- 
metric waves diverging at infinity are represented 
by 

exp i(kox - tot) or exp ( -  itot)H(o"(kox). X 

There is an important relation between the pres- 
sure, density and velocity in a plane wave. Suppose 
the wave is travelling in the + x-direction; then 

%x-~, Re a0 p = R e A e  , u~ = - -  A e ~ - ~ ,  
po 

p = R e a g A e  I~"~-~', u2=u3=O 
and so 

/At 
p = poaou~, P = Oo ado" (2.6) 

The average rate at which energy is transported 
across unit area normal to the propagation direction 
is defined to be the intensi ty  in the wave, 

3 
120 2 

I = (pu,)  = -~o ( p )  (2.7) 

and is proportional to the average value of the 
square of the density fluctuation. 

The formulae (2.6) and (2.7) may be applied 
directly to waves spreading in two or three dimen- 
sions. In three dimensions, for example, we have 
from (2.3) and (2.4) 

p=  Re A { x  -I + O ( x - " ) }  e ikox=i~', 

u = Re a--2 A { x - ' +  O(x-2)} e ~o'-~'', 
p0 

p = Re a o A { x - '  + O(x-")} e ~k°~-~', 

x = Ix I denoting radial distance and u the radial 
velocity. The leading terms satisfy the plane wave 
relationships (2.6), and give an intensity I propor- 
tional to x-2. The result of integrating this contribu- 
tion over a large spherical surface of radius x is 
then a finite number independent of x, while the 
correction terms O(x -2) make a contribution of I of 
order x -3 and thus no contribution to the total  
power  radiated across a distant surface. The terms 
of order x -t quoted above are sufficient to give the 
exact value for the total radiated power. 

We have seen some of the properties of solutions 
of the homogeneous wave equation (2.5). In the 
sequel, we shall be concerned with this equation 
when the right-hand side is non-zero. A way of 
achieving this within ordinary linear acoustics is to 
suppose that sources of mass are distributed 
throughout the fluid, injecting fluid mass at a rate 
Q(x, t) per unit volume. The effect is to add a term 
Q(x, t) to the right side of (2.1) or (2.3), and to make 
the wave equation (2.5) read 

aQ 
1-120 = 0--t-" (2.8) 

Two alternative forms of this equation are some- 
times used. We may recognize that Q is itself, by 
definition, a time derivative OWlOt say, and write 
the right side of (2.8) as O~W[Ot 2. Or we may regard 
the basic noise generating function as q = OQ/ot, 
rather than Q, and write the right side of (2.8) 
simply as q. The three forms of (2.8) differ only in 
the number of time derivatives which are explicitly 
displayed on the right side, and correspond to 
adopting either the source volume displacement 
(Wlpo) ,  or the source volume velocity (ff'/po = 
Q/oo), or the source volume acceleration (ff'/p0 = 
q/p0) as the prescribed source function. Of course, 
if one of these functions were known exactly the 
others would be also, and all forms of (2.8) would 
lead to identical exact results. However, in most of 
the problems of interest the source functions are 
not known in detail, and we know only their 
dimensional variation with the most important 
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length and velocity scales. Consequent ly ,  important  
features of the source funct ions must  be brought 
out explicitly wherever  possible. It will be seen 
below, and also in Section 5 on convect ion effects, 
that the number  of space or time derivatives ap- 
pearing in the source funct ions is an aspect of the 
greatest significance in many applications. The 
form (2.8) is perhaps the most fundamental ,  but we 
start here by taking the right side simply as q. 

We can solve (2.8) by using the Green ' s  funct ion 
and convolut ion product  methods outlined in the 
Appendix.  If G(x, t)satisfies [ ] :G = 8(x)6( t ) , then  

p = q * G  

is the solution of (2.8). The form of G for three 
space dimensions is given in (A. 15), so that we get 

dy , 

which is usually referred to as a "retarded poten- 
tial" solution. Each volume element  dy makes a 
contr ibution decaying as the inverse of distance 
travelled, and the density fluctuations follow those 
of the source term exac t ly - -except  for a time delay 
Ix-yl /ao ,  the time taken for an acoustic wave 
travelling at speed a0 to go from source at y to 
observer  at x. 

Let us now make an estimate of the sound field 
generated by this source distribution, assuming, 
with a view to later applications in flow noise 
theory, that q varies appreciably only over some 
length scale l, and over a time scale, which it is 
convenient  to write in terms of a velocity, l/u. The 
velocity u need not, for present  purposes,  be small 
compared with the sound speed a0, so that there is 
no upper limit on the typical f requency u/l 
associated with q. We stipulate, however,  that com- 
pressibility effects are not to enter  into the descrip- 
tion of q, so that on dimensional  grounds we must 
have a proportionali ty q ~ pou"/l 2. This is the typi- 
cal order of magnitude of the source in (2.9), and it 
is to be integrated over a source volume of order 13. 
Some care is necessary here, for at each point y the 
source strength is to be evaluated at a different 
time, and we must decide whether  this is an impor- 
tant feature or not. Now, the maximum difference 
i nemi s s ion  times over a volume 13 is of order I/ao; 
if this is small compared with the time l /u over 
which the source field changes,  then differences in 
emission time are unimportant .  If this is the c a s e - -  
i.e. if the Mach number  m = u / a o ~  1-- then  all 
emission times t - Ix - yI/ao may be replaced by the 
same time t - x / a o ,  with x measured from any 
convenient  origin within the source region. A 
further simplification is possible if x is large; for 
then, in accordance with what was said earlier, only 
terms O(x -j) are important ,  the dependence  of 
I x -  Yl upon y is irrelevant,  and we get down to 

1 x d 

and provided the ins tantaneous  volume integral of 
q is non-zero we may est imate 

-, -I l/2 13 p ~ a o - x  p o ~  (2.11) 

oo( )o  
This is an estimate, for m ~ 1, of the typical 

density fluctuation P radiated by a distr ibution of 
what we can convenient ly  call simple sources. In 
the case m ~ 1, we call the source field compact.  
For,  as (2.10) shows, the sound is determined by the 
time variations of the source. These take place with 
a typical f requency u/l, which will also be the 
f requency of the emitted sound,  which therefore 
has wavelength aol/U = l m  -~ ,> I. When m ~ I, the 
source field, of typical extent  I, is compact  relative 
to the radiated wavelength Im-'. Note that we have 
got this result by integrating a g-function over time 
r to get (2.9), and this is useful when m ~ 1 since, 
then, differences of retarded time are negligible. 

When m->  1, it is clear that differences in re- 
tarded time over a distance I are crucial, for the 
source oscillates through many periods I/u during 
the retarded time difference l/ao across the source 
scale I. Again, if q were known exactly this would 
make no difference provided the integral in (2.9) 
could be evaluated exactly. That  is not usually the 
case, however,  and so we must  manipulate (2.9) 
into a form in which retarded time differences (and 
the resulting cancellat ion of contr ibut ions  to the 
integral) are not an important  feature. To do this, 
we return to the full expression for O(x, t), simp- 
lified only by neglect of terms smaller than x ', 

p ( x ,  t )  = (4~aox)-' f q(y, -r) 

× 6{ Ix -  Yl -  ao(t - ~-)} dy dr. (2.12) 

(The integration limits are always ( -  :~, + oo), but  no 
contr ibut ion ever arises from values of r greater 
than t because the Green ' s  funct ion is made to 
satisfy a causality condition.)  This time, we shall 
integrate over y, instead of ~-, introducing coordi- 
nates y, in the direction x, and two coordinates  y, in 
the plane perpendicular  to x. Then  as x--, ~, 

Ix - y[ = x - yr + O ( y " / X )  

and 

p ( x ,  t )  = (47raox) -~ f q(y,, y,, z) 

×8{x-ao(t-'r)-yr}dy, dy~d'r (2.13) 

= (47raox) -~ f q (x  - aot + aoT, y ,  ~-) dy~ dr. 
w 

Retarded time differences have now been trans- 
ferred to differences in the space coordinate y,. But 
these differences are now, when m >> I, as negligi- 
ble as were the time differences when m .~ 1. For  
the space difference aor has, over the characteristic 
time I/u, a maximum value of order Ira-', which is 
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small compared with the distance I over which q 
varies. Consequently, the space differences a0~" are 
negligible, and 

p(x, t) = (4~-aox) -~ / q(x - aot, y,, r) dy~ d'c, 
J (2.14) 

which shows the density field now to follow the 
spatial structure of the source field in the radiation 
direction. Provided we do not suspect the integral 
in (2.14) to vanish we may now estimate 

for m-> 1. This is referred to as the spatially 
non-compact case. The sound O and the source q 
have the same spatial variation, according to (2.14), 
except for the spatial shift a0t--so that the sound 
wavelength and the source scale I are comparable. 
On the other hand, the sound period is now l/ao, 
much larger than the source period I/u, so that we 
might speak of a temporally compact situation 
when m -> 1. 

For cases m =O(1) intermediate between the 
compact and non-compact extremes neither (2.11) 
nor (2.15) will hold, since differences in either space 
or time inevitably play a delicate part. The proce- 
dure then is to integrate the g-function (in (2.13), for 
example) in the direction in the (y,, r) plane which 
is normal to the curves on which the g-function has 
constant argument. By not favouring either the y, 
or r variables at the expense of the other we can get 
an estimate 

m 2 

which is uniformly valid in m, and reproduces (2.1 I) 
and (2.15) in appropriate limits. This result will 
emerge later, in Section 5, where the method will be 
used to discuss convection of the source field by a 
mean velocity U. 

The reader who is not convinced by these dimen- 
sional arguments may at this point like to look at a 
concrete example. The function 

0e~ f ~, r y ~  u2~-21 
q(y,, y,, r) --- l" expl-v-I-I ~l~- 12J 

is representative of the kind of source envisaged, 
although any other function, of order pou2/l 2 for 
[Yl ~< 1 and Irl <~ I/u, small outside these ranges, and 
with no integral conservation property such as 
f q dy = O, will lead to similar (but less elegant) 
results. For this source the distant field 

p ( x , t ) = ~  q y,,y, , t  ao a0/ 

can be evaluated exactly to give 

P(x,t)=---~Oo (1 + m2),12 

[ u2(t-x/ao)~] 
xexp , [ - -~ -  ( l + m  2) l" 

Thus, when m ,~ 1, 

p ~-~-- po ~r'n (1)  2 { u 2 ) 
m exp - - - f f ( t - x /ao )  2 , 

confirming the result (2.11) and the idea that the 
temporal variation of the source is reflected in the 
temporal variation of the sound a time x/ao later. 
When m >> 1 

in agreement with (2.15), and showing how the 
source and the sound now have the same spatial 
variation. 

Suppose now that we regard the source volume 
velocity, rather than acceleration, as prescribed. To 
be more precise, we recognize that q = aQ/at, 
where Q varies over a length scale l and a time 
scale l/u. Within those length and time scales Q is 
of order pou/l, while at much greater lengths and 
times Q vanishes. Then when m ,~ 1, formula (2.11) 
continues to describe the radiation field without 
modification, as is easily seen. When m >> 1, on the 
other hand, the presence of the time derivative in q 
has a significant effect. For if one argues that 
differences a0r in the y, variable are unimportant 
when m -> 1, one gets, from (2.14), 

f0o p(x,t)=(47raox) -~ ~ (x -ao t ,  y, ,r)  dy, dr 
(2.17) 

=0 

and neglect of the a0r term is altogether too crude. 
We can, however, write 

p(x, t )= (4~raox)-' ~ f Q(y,, ys, ~) 
x g { x - a o ( t - r ) - y , } d y ,  dysd~" (2.18) 

using the property (A.8) of convolution products to 
take the O[Ot off Q and outside the integral. Now 
we can approximate as in (2.14) to get 

p(x, t ) = (4~raox )-' -f-[ f Q(x - aot, y,, T) dy, d'r 
(2.19) 

in which it is important to note that here O/Ot is not 
equivalent to multiplication by the typical source 
frequency u]l, but by the typical sound frequency 
ao/l. For the O]Ot acts on Q only through the space 
variable y, = x - aot, and so 

of ~ O(x - aot, ys, r) dys dr 

= - a o f ~ - - y ( x - a o t ,  y, ,r)  dy~d, 

u 1 

yielding 
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In an exactly similar way we find 

p ~ po m (2.21) 

when m ~> 1 if we regard the mass displacement W 
as specified. The differences between (2.15), (2.20) 
and (2.21) arise from different assumptions as to the 
physical nature of the source--whether one con- 
trols I)~', IJ¢ or W (respectively). In the compact 
case there is no difference between the results, 
because the sound field is controlled by the source 
frequency u/I. In the non-compact case, it is the 
sound frequency ao/l which matters, and is respon- 
sible for the factor m difference between (2.15), 
(2.20) and (2.21), corresponding at each stage to the 
recognition of more time derivatives in the source 
function. 

The radiated fields are of course independent of 
direction in all cases. We have called the case of 
prescribed q the "simple source" field; that as- 
sociated with prescribed Q is usually referred to as 
a "monopole" source field. Physical sources in fluid 
mechanics generally are most closely modelled by 
the monopole aQ[st type of source. 

We have seen how the presence of time deriva- 
tives in the source functions greatly affects the 
sound level in the non-compact case, though not at 
all in the compact case. We shall see next how the 
presence of space derivatives in the source func- 
tion greatly affects the radiation in the compact 
limit, but not in the non-compact. The arguments 
are exactly as presented above, but with a reversal 
of the roles of space, y,, and time r. 

Consider the effect of superimposing a negative 
source distribution--q(x, t) on the field, but with 
each negative source displaced a vector distance A 
from the corresponding positive one. Then the right 
side of (2.8) becomes 

3 q(x, t ) -  q(x + A, t) = - A,-~x, q(x, t )+  O(A'-). 

(2.22) 

Letting A--~0, q--~oc, so that Aq stays finite and 
equal to F, say, the right side tends to -OFdOx, 
Such a distribution of sources which cancel in equal 
and opposite pairs is called a dipole distribution, 
and is characterized by the appearance of a single 
space divergence on the right side of (2.8). Mass is 
clearly conserved in a dipole field, for the total 
mass source strength is 

~ aF'dx f Oxi = niFi dS = O, 

if F vanishes outside some finite region. However, 
the dipole type of source is exactly equivalent to an 
external force distribution acting on the fluid, and 
the force per unit volume is precisely F. For, if such 
an external force acts on the fluid, (2.2) and (2.4) 
have an additional term F~ on the right, and the 

wave equation reads 

aF, 
[q"P - axe' (2.23) 

as stated above. 
Actually, it is not necessary to take the limit 

A ~ 0  too strictly; all that is required is that A be 
small compared with the wavelength A of the 
radiated sound. Thus, if A,~ A, two equal and 
opposite sources are equivalent to a dipole of 
strength qA, and that is equivalent to a point force 
qA applied to the fluid. 

Next we estimate the field radiated by a dipole, 
characterized as before by the scales u, l (and, of 
course, the ambient density p0). The typical mag- 
nitude of Fi is pou2/l, implying naturally that A is of 
order I. The solution to the wave equation can be 
written in several different forms. For example, we 
might write 

, rx 
p(x , t )=-4~-~a~j  Oy ' y , t -  20 Ix-y l  (2.24) 

or 
1 0 f  ,(y,t_lx2yl ) dr Ix--y? 

(2.25) 

using the properties of convolution products. Both 
give identical results if evaluated exactly, but dif- 
ferent rough estimates if care is not taken. For 
example, we can simplify (2.24) as previously to get 
the density fluctuation of a compact dipole dis- 
tribution in the form 

p(x, t) = i f0F,( x) 4~ra~x ~ y't-Z dy 
and, if we casually estimate the integral as 

poU'- 1. /3,  
l l 

we get 

as in (2.11). However, a gross overestimate has 
been made here, for if retarded-time differences are 
neglected, then 

0y~ 

by the divergence theorem. The "gross overesti- 
mate" has completely failed to take account of the 
almost complete cancellation of contributions to 
(2.24); it has estimated the dipole type of integral as 
equal to the value pott2[l 2 of the positive parts of the 
dipole, multiplied by the integration volume 13, and 
this inevitably produces the expression (2.11) for 
the simple source, rather than dipole radiation. 
Thus, if we use (2.24), retarded-time differences 
must evidently play a critical role in determining 
the true value of the integral, and since we can only 
make a general estimate of the functions involved, 
(2.24) is an unsuitable description for our purposes. 
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Equation (2.25), on the other hand does not suffer 
from such a delicate balance. Retaining only terms 
O(x- ' ) ,  (2.25) gives 

, 0 1 4 ,  t p(x, t ) =  4~ragx Oxi - 

= +  ~4"n-a o x l f 0 F ' ( y ' t - ~ o )  O X J  --3t -~xl dy  

in the compact case m '~ 1. Now, 
2 2 X 2 = X ~ + X 2 + X 3 ,  

so that 
ax Xi 
ax, x ~ '  

say, where (/3,,/32,/33) are the direction cosines of 
the vector x in the observation direction. Hence, 

1 ^ faF, 
p(x, t) = 4--~d~ox/~, j - ~ - ( y ,  t - x / a o )  dy  

(2.26) 

and there is, in general, no reason why the integral 
here should vanish. Consequently, making the esti- 
mates 

pou 2 O u f F I ' Ot 1' j d y ~ l  3 , 
we get 

p(x, t ) ~  p o ( I  ) m  3, (2.27) 

for the field radiated by a compact dipole distribu- 
tion. Note that the linear field here is weaker than 
that of a monopole by a factor O(m), the intensity 
by O(m 2). Note also the characteristic directivity of 
the compact dipole. The radiation has its maximum 
value (at given x) in the direction of the dipole axis, 
and drops to zero at right angles to this axis where 
the opposing sources are equidistant from the ob- 
server and so cancel completely (see Fig. I). 

FIG. 1. Directional distribution of intensity from a dipole 
jr oc COS 2 0 .  

Next,  consider the non-compact case, m >> 1. We 
shall see now that (2.25) is the unsuitable formula. 
For,  without neglecting retarded-time differences, 
but only working to O(x- ' )  (2.25) gives 

1 f a F , /  [xa0Y[) p(x, t) = + 4--~0x/3, j - ~ -  [y, t - dy. 

Retarded-time differences are crucial when m >> l ,  
so we introduce a 8-function as in (2.13) to get 

1 f OF, 
p(x, t) = ~ / 3 ,  J ~ (y,, y .  r)a{x - ao(t - ¢) 

- y , }  dy, dy~ dr 

1 f aFi 
= 4--#~-o~x #, j ~ (x - aot + aor, ys, r )  dy~ dr. 

Here, we have just followed the steps leading to 
(2.14) for the case m ~ 1. Again, we can argue that 
the space differences aor are unimportant when 
m >> 1, but then the integral becomes 

f Fi (x - aot, y ,  r)  dy~ dr = 0 By 

on integration over r. Space differences therefore 
must be taken into account, but we cannot do this 
with only a rough idea of F~. Thus, we see that (2.25) 
is suitable when m ¢ 1, but quite unsuitable when 
m -> 1. However,  (2.24), which failed when m ¢ 1, 
is now suitable in that it leads to a form susceptible 
to rough estimation. Introducing the 8-function and 
integrating over y, yields 

1 f OF~. p(x,t)=4---~ao x -~y t x - a o t  +aor,  y , r )  dy~dr  

(2.28) 

and neglect of the space differences aor does not 
now lead to a zero integral--or,  at any rate, al- 
though the two terms involving components of F 
perpendicular to direction x integrate to zero, we 
are still left with 

p(x,t)=4~oxf aF'" tx - aot, Ys, r) dy~ dr 

This is the estimate of the field produced by a 
non-compact dipole distribution. It is identical with 
that for the non-compact simple source distribu- 
tion, as given in (2.15). The reason is simply that 
when m ~ 1, the opposing sources of the dipole are 
close together compared with the wavelength, so 
that they only fail to cancel altogether because of 
slight differences in the times at which they must 
emit in order to be heard simultaneously at x. This 
nearly complete cancellation is represented by the 
factor m difference between (2.11) and (2.15). On 
the other hand, as m increases, the source scale I 
and wavelength ,~ become increasingly compara- 
ble, so that cancellation between opposing sources 
of the dipole becomes less important. When oppos- 
ing sources are not close together on a wavelength 
scale, they are heard more or less independently 
without large-scale cancellation in all directions 
(though, of course, in particular directions, they 
may interfere constructively or destructively de- 
pending on precise details of the phases). Conse- 
quently, there is no reason to expect the field 
radiated by a non-compact simple source to differ 
from that of a non-compact dipole, so that there is 
no value in emphasizing the multipole nature of a 
source region if it is not compact.  

We could go on from a dipole to construct 
multipoles of increasing complexity, but such mul- 
tipoles have never played a role in classical acous- 
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tics. They do, however, play a central part in 
Lighthill's theory of aerodynamic noise, and will be 
described in that context. 

3. L I G H T H I L L ' S  T H E O R Y  

Lighthill's '~) theory of aerodynamic noise con- 
sists in drawing an analogy between the full non- 
linear flow problem and the linear theory of classi- 
cal acoustics. The analogy is exact, and it is essen- 
tial that no approximations be made until the exact 
form of the analogy is established. We consider a 
fluid in which a finite region only contains a non- 
steady fluctuating flow. Far from that region, we 
suppose the fluid to be uniform, with density p0 and 
sound speed a0, and to be at rest apart from the 
small motions induced by the passage of sound 
waves generated by the unsteady flow. 

Now, the exact equations expressing conserva- 
tion of mass and momentum in a fluid are 

a ~ +-~xPU, =0,  (3.1) 

O +O._O_ (pu~uj +p,j) = 0, (3.2) 
~-[ pu~ Ox~ 

provided there are no external sources of mass and 
no external forces acting on the fluid, p~ is the 
compressive stress tensor. The vector p~jn~ is the 
force exerted across unit area with unit normal n by 
the fluid on the side to which n points on the fluid 
on the other side. If the fluid is inviscid, P~i = pS~i 
and the stress reduces to an isotropic pressure. For 
a viscous but Newtonian fluid, 

p,j = p&j - 2p, (e,j - ~ek~8,j ), (3.3) 

where ~z is the coefficient of viscosity, e~ is the rate 
of strain tensor, 

=,l-ou, o,,,] 
e,i "L Ox~ + Ox, d 

and 
c3 Uk 

e~ = ~ = div u. 

No particular form for pq is required for Lighthill's 
general theory. The point of the theory is that (3.1) 
and (3.2) can be written essentially in the form of 
the equations (2.3) and (2.4) of linear acoustics, by 
writing p~j as the sum of an "acoustic stress" a~p~ o 
plus a correction p~j - aop6,j, to give 

where 

0 
-~  + - ~  pu~ = 0 ,  (3 .4 )  

O , at) = OT, j 
-~  pu~ + a~ Ox, Oxj ' (3.5) 

Ti~ = puiu~ + Po - aop~i. (3.6) 

These are just the equations of motion of a fictiti- 
ous acoustic medium acted upon by an external 
stress distribution T,~(x, t). If the real fluid, in 
which highly non-linear motions may occur, is 

replaced by a fictitious acoustic medium, in which 
only small amplitude linear motions occur, and if 
this medium is acted upon by an external stress 
system T.j(x,t), then exactly the same density 
fluctuations will be produced. This is the basis of 
Lighthill's theory; if we know T~ in some useful 
sense, the problem of sound generation by fluid 
flows is reduced to that of solving a problem of 
conventional acoustics. Exactly what that problem 
is follows by eliminating pu~ between (3.4) and (3.5) 
to get 

Ox~Ox~' (3.7) 

which is Ligbtbill's inhomogeneous wave equation. 
The terms on the right contain two space deriva- 

tives, and, therefore, represent neither a monopole 
nor a dipole distribution. In fact, they represent a 
quadrupole distribution, derived from dipoles in 
exactly the same way as the dipole from a 
monopole or a "simple source". Each limiting 
process on opposing sources involving n space 
derivatives leads to a source field involving (n + 1) 
space derivatives. A quadrupole is formed by tak- 
ing the limit of two adjacent equal and opposite 
dipoles. Thus, there are two characteristic direc- 
tions associated with a quadrupole--one the direc- 
tion of the individual dipoles, the other the direc- 
tion in which the dipoles are separated. Since there 
are three components of each direction, there are 
nine possible independent orientations of the quad- 
rupole axes. These divide into a group of three 
longitudinal quadrupoles in which the dipoles or 
monopoles are arranged in a line and in which both 
characteristic directions coincide, and a group of 
six lateral quadrupoles with mutually perpendicular 
characteristic directions (Fig. 2). 

It 

+ _  - +  + -  
D q ~ + 
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(o) ( b )  

FIG. 2. (a) Longitudinal quadrupole. ('b) Lateral quad- 
rupole. 

Now, two equal and opposite adjacent forces con- 
stitute a stress; a pressure type of stress in the 
longitudinal case, a shear stress in the lateral case. 
Hence, a quadrupole distribution acting on an 
acoustic medium is exactly equivalent to the action 
of an external stress on the medium. This is exactly 
what we should expect, since Lighthill's formula- 
tion involves writing the full momentum equation in 
the form (3.5) of an acoustic momentum equation 
driven by an external stress field T~i(x, t). 
Moreover, it is obvious that any wave equation of 
the kind derived by Lighthill must contain only 
quadrupoles and higher-order multipoles for, in the 
absence of external sources of mass or external 
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body forces, mass and momentum must be con- 
served, i.e. the right side of the wave equation must 
have a double integral vanishing property. Thus, 
regarding 82T~j/Ox~Oxj as a monopole field oQ[ot, the 
total monopole strength is 

f 8'Z'~ d x =  0, Ox~Ox~ 
while regarding 82T~jlOx~Ox~ as a dipole field 
-OF, fOx,, the total dipole strength is 

f F, dx=- fOT,~/Oxjdx=O.  
In fact, it is also necessary for the right side of the 
wave equation to take the form of a double space 
derivative (and for T~j to vanish sufficiently rapidly 
as x ~ )  in order that mass and momentum be 
conserved. 

Next, we consider the conditions under which 
Lighthill's wave equation is useful. Clearly, it is 
senseless to write the equations in a wave form 
unless physical conditions are such that wave mo- 
tions, satisfying the homogeneous wave equation, 
do emerge at sufficiently great distances from the 
unsteady flow. If we restrict ourselves to a finite 
region of unsteady flow, then T~j is negligible out- 
side that region. For then, acoustic motions only 
take place, which implies that OU~Uj is negligible, 
that viscous forces are negligible so that p~j = p6~j, 
and that pressure and density are related by dp = 
a~ alp. Therefore, Lighthill's theory reduces to the 
ordinary acoustic theory at all points outside the 
region of unsteady flow. 

This might seem an obviously necessary feature 
of any theory, but it is not possessed by other 
theories (e.g. that due to Ribner '9'~°) which involve 
different representations of the source field. 
Ribner's theory requires the sources on the right of 
the wave equation to occupy a rather larger region 
than that in which the unsteady flow exists--in fact, 
a region with typical dimension larger than that of 
the flow region by about a wavelength of the 
radiated sound. Such an extension of the source 
region seems rather artificial, and the fact that the 
extended source volume is non-compact makes for 
difficulties whenever the source field is not known 
precisely. 

At any rate, Lighthill's quadrupole strength is 
only non-zero within the flow region. In that region, 
the Reynolds number is usually very high and 
viscous contributions to T,i are small--though there 
are better reasons, given later, for neglecting visc- 
ous terms. Pressure and density within the flow are 
related by the local sound speed a, dp = a"dp, and 
if temperatures in the flow are not very different 
from those outside, the difference between a and a0 
will be small. Then, the only significant contribution 
to Lighthill's stress tensor T,j comes from the 
fluctuating Reynolds stresses pu~ui. If the flow Mach 
number is small, p may be replaced by the mean 
density p0 in the flow with a relative error of order 
(Mach number)". Thus, in these circumstances, we 

may approximate T~j by 

T,j = pou,uj, (3.8) 

and this is adequate for most underwater applica- 
tions and for subsonic cold air jets. (In Section 8 we 
shall look at cases in which the second term (p - 
aop) of the stress tensor makes a dominant con- 
tribution.) 

Lighthill stresses the importance of only making 
approximations of this kind after the exact equa- 
tion (3.7) has been derived and the quadrupole 
nature of the source terms understood. For approx- 
imations at an earlier stage might introduce or 
eliminate apparently small monopole or dipole 
terms--which, as we shall see, would in fact be 
much more acoustically efficient than the quad- 
rupoles. 

In deriving the consequences of the Lighthill 
equation (3.7), we shall use the form (3.8) for T~j. 
We shall apply the theory to the sound radiated by a 
turbulent flow confined to a limited region of space. 
At first, we shall assume zero mean velocity, so that 
the r.m.s, velocity u characterizes the velocity 
fluctuations. Now, the turbulence also possesses 
several characteristic length scales, depending 
upon what features of the turbulence we are trying 
to describe. For the sound generation problem, the 
fine-scale structure of turbulence is largely irrelev- 
ant, and we only need a length to represent the 
scale on which the turbulent energy is mainly 
concentrated. This scale is usually determined by 
the external mechanisms which generate the turbul- 
ence; for example, if a grid with mesh spacing L 
generates turbulence in a wind tunnel, then the 
energy of the turbulence is associated mainly with 
motions on length scales of order L. In jet exhaust 
flow the width of the mixing layer at any axial 
station is an appropriate local measure of the scale 
of the energy-containing eddies, while the nozzle 
diameter provides an overall scale. However, the 
thickness of the (laminar or turbulent) boundary 
layer at the nozzle exit is not an appropriate scale, 
except possibly in the very early part of the jet 
close to the nozzle lip. 

The quantities u and I (the length scale) define a 
time scale llu which is representative of the coher- 
ent lifetime of the turbulence. We can think of 
turbulence in a very crude way as composed of 
eddies--blobs of fluid of various sizes--of which 
the dominant ones have typical size l and move 
around at speeds of order u. Each eddy has random 
phase relative to any other eddy; inside any eddy 
the motion is well coordinated, or correlated, but 
quite uncoordinated with the motion inside other 
eddies. An eddy appears, either as the result of flow 
instability or directly as the result of external 
effects, and in a lifetime l/u non-linear forces 
within the eddy cause it to develop an intense 
fine-scale structure in which the turbulent energy is 
directly dissipated by viscous forces. It is then 
replaced by another similar eddy which has, how- 
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ever, no phase connection with the previous one. 
Consequently, if we are dealing with a linear prob- 
lem (and the aerodynamic noise problem is linear in 
Lighthill's formulation) we may simply add up the 
density fields generated by points within a single 
eddy, for they are all in phase. If we then square to 
get the intensity from a single eddy, we can get the 
total intensity by adding the intensities from all the 
separate eddies. The linear fields of sources with a 
close phase relationship add linearly; the squares 
of the.fields of sources with no phase relationship 
add linearly. 

We therefore concentrate on getting the radiated 
density field from a single eddy in a nearly incom- 
pressible turbulent flow. This will allow us to 
dispense with much of the cumbersome notation 
which is normally used to describe the statistics of 
random tensor functions, without in any way losing 
physically significant results. 

The distant field solution to Lighthill's equation 
can be written as 

1 f 02Tis 
p(x, t)=4~rao------~ ~ ( Y '  r)~{lx-y[ 

- a o ( t  - r)} dy dr (3.9) 
which gives 

1 f c~2T, i { Ix~,,yl)_... p ( x , t ) = ~ j ~ y , t -  dy  

if the integration over r is performed. When m = 
u / a o ~  1, retarded time differences I/ao over the 
eddy length I are negligible on the eddy time scale 
I/u. However, neglect of these differences then 
gives an instantaneous integral 

Oy~Oys 

and the approximation is too crude. 
The vanishing of the integral occurs because the 

second derivatives are retained on Zj in the con- 
volution product, and we can overcome the diffi- 
culty either by taking them outside the whole 
integral or by applying them to the Green's func- 
tion. Clearly, we must take both of the derivatives 
off T~, otherwise we shall still get a vanishing 
integral. If we take the derivatives outside, we have 

p(x, t) 1 0: f 47raox OxiOxj Tii(y, z)~{ix-y  ] 

- a o ( t  - ~-)} dy d~'. (3.10) 
From previous experience, we integrate over ~- in 
the case m .~ 1, and neglect of retarded-time differ- 
ences now does not lead to a null result. 

1 0" x 

1 A o: f x 
-4zraTx \ ' - ~ - ) - ~  J Tq (y ' t - -~o )  dY' (3.11) 

since a__x_x = x 2 = ~ 
ax~ x 

a _  ~ i l  a 
and ax~ ao at 

for operations on functions of t -  x/ao. 
Equation (3.11) is now in a form suitable for 

estimation in the case of a compact eddy with 
m *~I, 

4 - i / u  \ :  2 

(3.12) 
where we have taken T~ s = poultli ~ p o l l  2. Note the 
contrast with the expressions (2.11), (2.27) for the 
fields of compact monopoles and dipoles. Each 
time the order of the multipole is raised by one, the 
radiated field is reduced by a factor m, i.e. by the 
ratio of source scale to radiated wavelength. 

Equation (3.12) is the central result of Lighthill's 
basic theory. The prediction for the total sound 
power radiated by the eddy is that 

p ~ pou~12 m s 

and pou~l 2 = (pou"13)(uJl)is a measure of the rate of 
decay of the kinetic energy of the eddy through 
viscous action, this being equal to the energy 
supply rate in a steadily maintained flow. An acous- 
tic efficiency 77 can therefore be defined as the ratio 
of sound power to power supply, and r/ varies as 
m 5. For jet flows "r/ is usually expressed in terms of 
the mean flow Mach number M = U,Jao, and in 
experiments at high subsonic and moderate super- 
sonic values of M the dependence of 77 on M s is 
confirmed with a small numerical constant, -r/ 
10 -4 M s. With typical values of u/Uo around 10% 
this confirms that "O - m  s with a coefficient much 
closer to unity. 

Several points from Section 2 are worth repeat- 
ing here. The radiated field fluctuates in time in the 
same way as T~j (more precisely, as 02TqJOt2), apart 
from the time delay xJao. Thus source and sound 
both have the same time scale IJu, i.e. frequency 
u/l. The spatial variation of T~j is not reflected in 
the spatial variation of p, because of the integral in 
(3.1 l) over all y. In fact the spatial variation of the 
two fields is quite different. Tq varies on the scale I, 
p varies on the wavelength scale A = hn -' >> I. The 
eddy is said to be spatially compact  relative to the 
emitted wavelength when m "~ 1. A compact eddy 
also has a characteristic far-field directivity arising 
from the two characteristic directions of the equi- 
valent quadrupole which make their presence felt 
through the two direction cosines/3~ = x~Jx appear- 
ing in (3.11) (see Fig. 3). If 0 is the angle which x 
makes with the x~-axis then the longitudinal quad- 
rupole TN gives a density field with the factor 
cos 2 0, 7".,., gives the factor sin" 0, while the lateral 
quadrupole gives the factor sin 0 cos 0. The inten- 
sity produced by T~2 contains the factor sin 2 20 and 
has its maximum value at 0 = 45 °. Early measure- 
ments of jet noise also indicated a peak at around 
45 ° to the exhaust, and a number of attempts have 
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FIG. 3. Directional distributions of intensity due to (a) 
longitudinal quadrupole T,,  I ~- cos' 0, (b) lateral quad- 

rupole T,.., I :c sin ~- 20. 

been made to explain the directivity of jet noise 
in terms of a combination of isotropic (omni- 
directional) quadrupoles and lateral quadru- 
poles. More recent experiments on pure jet noise 
have not supported the idea of a 45 ° peak, however, 
and convective amplification (Section 5) seems to 
provide a much better founded explanation of jet 
noise directivity. 

Now, it is believed that turbulent eddies are 
compact in themselves in all except possibly as- 
trophysical situations. Fluctuation velocities do not 
approach the sound speed in normal flows of tech- 
nological importance, even though the mean flow 
may be well into the supersonic range. None the 
less, it is useful (for application later in Section 5) to 
look at the case m ~> 1, still, however, with the 
supposition that the turbulent eddies are unaffected 
by compressibility. The supersonic eddy velocity u 
merely makes the eddy non-compact, but does not 
change its internal dynamics. 

We can handle this case in a way which must by 
now be familiar, introducing coordinates y~ in the 
x-direction and y~ normal to x. 

Starting from (3.9) and integrating over y, gives 

p(x, t) =1___~ F o'-T,~ (x - aot + a01", y ,  ~') dy, dr, 
47raox 30yjOyj 

and the space differences a0~- are now negligible, 
since m >> 1. Some of the divergences (with respect 
to y,) then integrate out to zero, but those with 
respect to yr do not, and we get 

1 ( a " T .  
p(x, t) = 4rraox J--o-~ (x - aot, ys, r) dy, dr, 

(3.13) 

where T,, is the element of T 0 with both axes in the 
radiation direction, T,  = pou,ur (no summation). 

The estimate of the density field is then 

p(x, t )-- ao'x-~poU21-212(l/u)= po(1)m. 
(3.14) 

This is exactly the same formula as (2.15) and (2.29) 
for the non-compact monopole and dipole. The 
reason has been explained before. If the basic 
opposing sources comprising a multipole are not 
close on the wavelength scale, they are heard 
independently and without cancellation, and there 
is no reason for a fundamental difference between 
the fields of any multipole. 

Note the features of the non-compact case, from 
(3.13). The spatial variation of p follows the spatial 
variation of the turbulence in the Yr direction, apart 
from a spatial shift aot. Thus, length scales in the 
turbulence and the sound field are the same. On the 
other hand, the time variation of p does not follow 
that of the turbulence. Turbulence and sound have 
quite different time scales; that of the turbulence is 
l/u, that of the sound is l/ao~>l/u when m -> 1. 

We can visualize the compact and non-compact 
cases very simply as follows. When m "~ 1, the 
internal oscillations of the eddy determine the 
sound field. The oscillations of the eddy radiate 
sound waves at the same frequency u/I. The sound 
wavelength is then I/m and is large compared with 
the eddy size. When m ~> 1, the essential feature is 
that the eddies are moving around supersonically, 
giving rise to bow and trailing shock waves sepa- 
rated by the eddy diameter I. The sound field 
consists then of a collection of pairs of shock 
waves, with wavelength I equal to the eddy size. 
The frequency of the sound field is ao/l, much lower 
than the turbulence frequency u/l. 

Let us now consider viscous contributions to To. 
It is enough to take a single term, say, 

Ou~ 32T~i tzO3u~ 
T,~ = ~z a-~xj' ax iax i  - a x i a x i a x ,  

Because of the presence of three derivatives, that 
term represents an octupole distribution--which 
one would expect, in the compact case, to be less 
efficient than the quadrupole by a factor m on the 
density even without the small viscous coefficient 
~. As in (3.11), we can get 

t x 1 0 3 r 
p(x, t) = 47ra~x \x]  0-~ J dy 

and for m ,~ 1, this gives at most 

( l ) m ' R - '  p ( x ,  t )  - po x ' ( 3 . 15 )  

where R = ul/v is the Reynolds number. With 
m "~ 1 and R -> 1, this is clearly negligible, although 
it still represents an overestimate which is worth 
understanding. This essentially arises because, if 
the fluid were strictly incompressible, 

3 Ouj 3 ,u u~(y, r)= ~-~y (y~u~)- y,~-~j = - ~ ( y .  j), 
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and then the integral above would be zero. To get a 
more accurate estimate, we have 

1 O p  1 Op div u . . . .  p. Ot a--~opo 3t 

if we assume the sound speed to be a,. everywhere. 
Then, 

x ~ ~ - d y ,  f"'(y' + aop0 f '°P 
and if we estimate the pressure fluctuations in the 
turbulent eddy to have typical magnitude p - p . u : ,  
we get 

f u , ( y , t - - ~ o o ) d Y -  1 u ~ 13 m3 S ~ o o  T " l p o u  " = " u l L  

This reduces (3.15) to 

p(x, t ) -  po ( 1 )  mTR -'. (3.16) 

This example shows clearly that all our estimates 
are only upper bounds, for even when care has 
been taken to avoid overestimates, it is still possible 
that an integral may vanish, or at any rate, have a 
value substantially less than that predicted from a 
casual estimate. 

So far our discussion of the Lighthill theory has 
been restricted to the derivation of laws for the 
fields radiated by a single turbulent eddy, character- 
ized by a length scale I and fluctuation velocity u. 
In Section 5 we shall see the modifications required 
when the eddy is convected by a mean flow. We 
might expect then to have all the ingredients re- 
quired for an examination of the radiation from a 
mean flow upon which is superimposed a large 
number of eddies, as in the case of jet or boundary 
layer flow. It is, however, far from certain, even in 
principle, that the Lighthill theory can be applied to 
an extensive turbulent region, where the effects of 
scattering by eddies of the sound waves generated 
by other eddies, and of the refraction of sound 
waves by mean flow gradients--to name but two 
obvious phenomena--would have to be explicitly 
accounted for, rather than left concealed in the 
stress forcing function T,j. This is a very important 
matter, to which we shall return in Section 9. 

Suppose, nevertheless, that we can apply the 
Lighthill theory directly to jet flow, for instance, 
characterized by the mean exit velocity U0 and the 
nozzle diameter D. Then the prediction of (3.12) is 
the famous Lighthill eighth power law for total 
radiated power, 

P ~ (poU3oD2)M s, M Uo = - - ,  (3.17) 
a0 

a prediction which is followed very well in practice 
over a range of M between moderate subsonic 
values, and values around M = 2 at which the eddy 
convection speed becomes supersonic. At values of 
M less than, say, 0.6 in real jet engines substantial 
deviations from (3.17) are found, caused by noise 

sources other than those associated with the pure 
turbulent mixing process downstream of the noz- 
zle. On carefully controlled model rigs with clean 
flow upstream of the nozzle (3.17) continues to hold 
down to perhaps M = 0.3. That it should be so well 
followed over values of M between 0.6 and 2 has 
long been a source of surprise, for another of 
Lighthill's basic contributions was to expose eddy 
convection (Section 5) as an effect which would 
increase the power output above the estimate 
(3.17), so that a compensating effect is required to 
offset this. Several candidates have been proposed 
in this connection, the evidence at present strongly 
suggesting that "convective amplification" is 
largely mitigated by an acoustical "shrouding" by 
the mean flow of the eddies which it convects. 
This again is a point we shall examine further in 
Section 5. 

Some rather more specific dimensional laws can 
be derived from the Lighthill theory using very 
definite assumptions as to the self-similar form of 
the flow. In the case of jet flow the laws are well 
known and worth giving here, not least because the 
derivation shows how all the well-known laws can 
be obtained from the simple arguments used in this 
section. We start from (3.12) for the typical density 
fluctuation radiated by a turbulent eddy of size l 
and velocity u. This gives the power radiated by the 
eddy as proportional to pouSao~l ', the power per 
unit volume as proportional to pou"ao~l -~, and the 
power per unit length of the jet at any axial station 
X as of order pouS(X)ag~l- ' (X)A(X).  Here A ( X )  
is the cross-sectional area of the turbulent region, 
and the notation emphasizes the assumed local 
nature of the scales u(X) ,  I(X).  There are two 
regions of the jet in which reasonably well estab- 
lished similarity laws hold (Lighthill, ~ Ribner,"" 
Tennekes and Lumley""'). 

Entro,nment 

\ \ \  

u - Uo r~C j l on  Fu l l y  deve loped  
t - × 5QI I  p r¢sg rv l ng  ~ t  fk~vJ 
A - Ox u - U o DIx 

FIG. 4. Downstream development of axisymmetric jet 
flow. 

Firstly, there is the initial shear layer, which is 
shed from the nozzle and widens toward the inside 
of the jet, enclosing a cone of potential flow ending 
around X = 4D where the shear layer meets the 
axis. Within this mixing layer the typical velocities 
are unchanging with axial distance, while the length 
scale (local shear layer width) increases linearly 
with X, so that 

I - X, u - U,,. 

Since the outer diameter of the jet remains close to 
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D while the shear layer thickness increases like X 
it follows that A ~ D X  approximately, and there- 
fore in the first four diameters the power radiated 
per unit length is independent of X and given by 

dP . _~ 
d--X ~ poUoaoD (X ° law). (3.18) 

Moreover, if we assume (Powell "3~) that each slice 
of the jet emits a single dominant frequency, then 
that frequency must be related to the axial location 
of the slice by f ~ Uo/X, so that d X  ~ Uof-2df. The 
contribution to the power from the slice d X  at X is 
thus equivalent to a contribution dP to the total 
power from a small bandwidth df of frequencies 
centred on frequency f, 

dP=poUgoao~Df- :d f  (f-" law). (3.19) 

In other words, the spectral density dP[d f  of the 
total power has a high frequency decay as f-", and 
these high frequencies arise from the small-scale 
eddies in the initial mixing region up to X = 4D. 

Between X = 4D and, say, X = 8D the jet under- 
goes an adjustment phase as the shear layers from 
opposite sides of the jet interact and merge. No 
simple similarity laws hold in this adjustment 
region. Beyond X = 8D, however, a fully developed 
turbulent flow leads to a conical spreading of the 
jet. Thus A - X  2, the length scale I once again 
increases as X, but the velocities decay as X -~, 
u ~ UoD/X. It is then easy to see that the counter- 
parts of (3.18) and (3.19) are 

dP d'--X ~ P°U~a°~D~X-7 (X-7 law) (3.20) 

and 
dP ~ -5 5 ,  - -  ~ poU~a,, D f-  (f2 law). (3.21) df 

The usual view of the X ° and X -7 laws is that 
they support the idea that at least half of the total 
power comes from the first four diameters, most of 
the remainder coming from the adjustment region, 
and very little coming from the large-scale fully 
developed flow. These claims can be supported 
further by careful estimates of the coefficients 
likely to occur in the dimensional laws. However, 
the laws are only asymptotic extremes, and it is not 
always true that extrapolation of the asymptotic 
forms until they agree is even likely to give an 
order-of-magnitude estimate of the intermediate 
case. This point of view is forcibly argued by 
Ffowcs Williams "'~ where four different conclu- 
sions are drawn from (3.18) and (3.20), with widely 
differing implications for the location of the domin- 
ant sources and for their suppression. 

It is sometimes useful to know the consequences 
of Lighthilrs theory for the apparently fictitious 
cases of one and two space dimensions. The conse- 
quences analogous to (3.12) and (3.14) can indeed 
be found in a way similar to that used here, except 
for the fact that the Green's functions do not 
contain convenient delta functions, as in (3.9), and 

so make for very awkward analysis. We therefore 
go on now to look at Lighthill's theory in a unified 
way in a mixed space defined by coordinates x and 
radian frequency to. This method enables a variety 
of other problems involving wave motion induced 
by turbulence to be handled on the same footing. 

4. LIGHTHILL THEORY IN (x, to) SPACE 

Here, we look at the radiated field of a turbulent 
eddy at a particular frequency to, defining Fourier 
transforms in time by 

and 

/(x, to) = f f (x ,  t) e '~' dt 

f ( x , t ) = l  f f (x ,  t o )e - " '  dto. 

(We do not use any special notation for the trans- 
formed functions; instead we indicate explicitly the 
arguments of the functions wherever appropriate.) 
We write the general inhomogeneous wave equa- 
tion in the form 

z 1 02 \  
V - ~ o - ~ )  p(x, t) = A(x, t), 

1 aQ where A (x, t) = - ~-~-~- for a monopole, 

1 0 F i  
+ ~ao ax--~ foradipole, 

1 a2Tij 
- ao ~ for a quadrupole. 

Then taking transforms in time gives 

(V2+k~)p(x,  t o ) = A ( x ,  to), k,=-~o , (4,1) 

an inhomogeneous Helmholtz equation. In this 
(x, to) formulation, there is no need to consider how 
many space or time derivatives occur in A (x, ~o) as 
their effect emerges automatically. 

In three dimensions the Green's function for (4.1) 
is (see (A.18)) 

G(x, to) = exp (ikox) 
4~-x ' 

in which x denotes Ixl, as usual, so that 

l f exp ( ikolx-  Yl) p(x, to) = ~--~ A(y, to) ~x_y I dy. 

Now, introduce coordinates y, in the direction x 
and y, normal to x, and then, as before, retaining 
only terms O(x-'), we have 

p(x, to) = exp (ikox) 
47rx 

f A(yr,  y,, to) exp ( i k 0 y r )  dy, y,. d 

This shows at once the wave-like structure of the 
field through the phase and spherical spreading 
factor 

x- '  exp (ikox) [with time factor exp ( - kot)]. 
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O(x, co) is exactly the same as G(x, w) except for an 
ampli tude factor, or effective source strength, ~-// 
given by 

s¢ = f A (y.  y,, to) exp ( -  ikoy,)  d y ,  d y .  

If we define a Fourier  t ransform in s p a c e  as well as 
time, 

w) = f A(x, t )  e '~ " " ~ ' d x  dt ,  A'(k, J 

i 4f co)e-Jk x i ~ t  A ( x , t ) = ~  A(k,  d k d c o ,  

then 

~ =  f A(yr, y.co)e-lk°>"dyrdy, 

= A ( k ~  = - ko, k5 = 0, to), 

i.e. the source strength is equal to the space-time 
transform of A (x, t) evaluated at f requency to, at a 
wavenumber  in the radiation direction equal to - k0, 
and at zero wavenumber  in the directions normal to x. 

(exp ( ik , , x ) )  
p ( x , w ) = - \ -~-~ x ] A ( k ~ = - k o , k , = O , co ) 

(4.2) 

This states that only one particular spectral compo- 
nent  of A ( x , t )  makes any contr ibut ion to the 
distant sound radiated at f requency co--the compo- 
nent  corresponding to a plane acoustic wave with 
wavenumber  k0 = co/ao, travelling in the radiation 
direction. Low Mach number  turbulence does not 
contain many acoustically matched spectral com- 
ponents ,  because the wavenumber  associated with 
f requency co is of the order co/u, rather than the 
acoustic wavenumber  co/ao, so that we would 
expect turbulence to lose only a small fraction of its 
energy in sound. 

For a quadrupole source, (4.2) takes the form 

/exp ( ikox  )'~ 

× k:oT,,(k,  = - k0, k, = O, co), (4.3) 

where r again indicates a component  in the radia- 
tion direction, so that 

T,.(x, t) = pu';  + p - aop. 

Now, we make an estimate of the radiated field 
from (4.3.). In space x and time t a turbulent  eddy 
can be visualized as a structure which is coherent  
over a length scale I and over a time scale I /u .  
Within those length and time scales, the typical 
magnitude of Tij(x, t) is essentially constant  and 
equal to pou 2. Now, the t ransform of a funct ion 
equal to pou z over a three-dimensional  volume I ~ 
and over a time I / u  is equal to pou z • l / u  • 13 within 
a three-dimensional  wavenumber  space volume of 
order 1-3 and within a f requency range of order u / I ,  
and is essentially zero outside that range of (k, to) 

space. (For example,  the t ransform of 

T~s(x, t )  = pou : exp [-[x[-'/l" - u : t 2 / I  2] 

is 

Tij(k, w) = ~ l " * ' n p o a l  "~l 
× exp [ -]k[212/4 - (o212/4u 2] 

where x and k are vectors in n-d imensional  space.) 
The wavenumber  ks = 0 at which (4.3) is evaluated 
certainly falls within that range in which the trans- 
form T,~(k, to) is significant, and need not concern 
us further,  so that we can consider  the dependence  
of (4.3) only on k, and to. The contr ibut ion (4.3) at 
f requency co to the density will then be significant 
only if b o t h  k,  = - ko <~ l -~ a n d  co <~ u / l .  

Since the source is concentra ted around x = 0 
and t = 0, the dominant  field radiated by the source 
will occur on the wavefront  t = x / a o ,  and there the 
oscillatory part of the inverse t ransform 

p ( x , t ) =  87r"aoxl f koT.(-k°,O, co) 
× exp ( ikox  - icot) dco (4.4) 

drops out, to give 

I f k o T , ( - k o ,  O , w ) d c o .  (4.5) p ( x , x / a o ) -  8 r r " a ; ~  

(In a moment  we shall just i fy the approximation of 
exp ( i k o x -  icot) by I a little more carefully.) The 
extent  of the f requency range which can contr ibute 
to the integral (4.5) is not necessarily just  (0, u / l ) ,  
but is determined also by whether the correspond- 
ing matched acoustic wavenumbers  k0 lie within 
(0,1-') or not. In the compact  case, m ,~ l, the 
acoustic wavenumbers  ko corresponding to the tur- 
bulence frequencies ( O , u / l )  lie in the range 
(0, m l - )  and are thus welt within the range (0, I -~) 
of turbulence wavenumbers .  Consequent ly ,  we can 
estimate simply 

( ~ o )  ( ~ ; ( ' f f '  u p x, ~ a o " x - ' a o  2 • -f 

= p o ( / ) m  ' (m <~ 1) 

which recovers the result (3.12). 
In the non-compact  case, m >> 1, only those 

acoustic wavenumbers  corresponding to frequen- 
cies in the much smaller range (0, u / m l )  lie within 
(0, l - ' ) ,  and so the typical value of co is now not u / l  
but u / m l .  Therefore,  we have 

( ~ o )  - : - ' - ' ( ~ ' ) : (  ( ~ , )  
p x,  ~ a o  x ao poul  4). 

(') =0o x m ( r e - > l )  

which recovers the result (3.14). 
It is worthwhile to look at these derivat ions 

closely. The integral for 0 involves the turbulence 
t ransform evaluated at f requencies co and 
wavenumbers  k, related by to + aokr = 0 .  When 
m .~ 1, the line co = - aok,  lies close to the to-axis, 
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and therefore  all f requencies  (0, u/I) present  in the 
turbulence can contr ibute to the sound. On the 
other  hand, the range of wavenumbers  which can 
contr ibute  is (0, ml-~), i.e. only a small f ract ion of 
the wavenumbers  present  in the turbulence can 
contr ibute  to the sound. Another  way of putting it is 

w 
Somc line . \  I,./-- Ul[ All fr~cluencies In 
to* ook r : ~ ( O , u / i )  con contribute 

-.i-I 

wovenumbers in 
Turbulence has (O, rnL -I) con contribute 
significant energy 
within this conl.our 

FIG. 5. An eddy in (k,, to) space, showing the wavenum- 
bers and frequencies which contribute to the sound field 

when n| ~ I. 

that turbulence and sound have the same f requency  
when m "~ 1, but different wavenumbers  I- '  and 
ml -~, respect ively.  

Now,  when m -> 1, the sonic line to + aok~ = 0 lies 
close to the k~-axis, and then all wavenumbers  can 
contr ibute  to the sound, but only f requencies  in the 

W Only frequencies in 
U ~ o ,  U/rn[) contribute 

I/~AAAAAA~ I ~ kr 

/ ~ W ÷ Ookr = 0 

/ 
/ 

All wavenumbers ( O, l -I ) 
in the turbulence con now 
contribute. 
FiG. 6. An eddy in (k,, to) space, showing the wavenum- 
bers and frequencies which contribute to the sound field 

when m -> 1. 

range (0, u/ml)  can contr ibute.  Alternat ively,  tur- 
bulence and sound have the same wavenumber  l - ' ,  
i.e. length scale l, but different f requencies  u/I and 
u/ml respect ively ,  i.e. t ime scales I/u and ml/u. 

Consider  now the factor  exp [ -  ito(t -x /ao)]  in 
(4.4). The sound heard at a distant point x was 
emit ted by an e lement  y of the source at the 
retarded time t - x / a o + y , / a , .  At this t ime, the 
source had appreciable strength only if 

t _ x +  y , ~  1 -- and if y, ~ I. 
ao ao u 

These  are both satisfied when m "~ 1 if t - x / a o ~  
I/u, and when m - > 1  if t - x / a o ~ l / a o .  Then the 
maximum value of  to(t - x / ao )  in each case is O(1), 
the exponent ia l  factor  does not oscillate rapidly in 
the integration of (4.4) and its presence  in the 

integrand cannot  affect the functional  form of the 
final result. 

These  arguments  apply only to non-dispers ive 
waves  (those for which the propagation speed is 
independent  of f requency) .  For  dispersive waves  a 
rather different argument  is needed,  as will be 
shown at the end of this section. 

We have now recovered  most  of the results and 
ideas found in Sect ion 3 by working in (x, t) space. 
The  advantage of (x, to) space is that there the 
Green ' s  funct ions for most wave  problems take 
essentially the same form. Thus,  consider  the 
Lighthill equat ion (4.1) in two dimensions.  The  
Green ' s  funct ion is (A.17) 

and 
G(x,  to) = 1 H~o,(kox), 

_j_l r 
p(x, to ) = -16~r i  J H~°"{k°lx- yl}A (y' to ) d y. 

Now,  if A exists only over  a length scale l and we 
have kox -> 1 and x -> l, then we may use the asymp- 
totic form of the Hankel  funct ion and approximate  
to O(x -m) as usual to get 

p (x, to ) :~ (kox)-m e 'k°" f A (y, to ) e -ik°j, dy  

= (k0x) - 'n eik°~A(kr = - k0, k, = 0, to). 

The only difference lies in the replacement  of x -~ 
by x -m, together  with a ko m required on dimen- 
sional grounds. For  a two-dimensional  quadrupole  
field, we then get (4.3), except  that ko/x is to be 
replaced by k3on/X 'n-. Otherwise,  all steps are un- 
changed and we find 

P -- po m vn (m "~ 1 ), (4.6) 

and 
[ l '~  'n 

p - p o ~ x ]  m ( m - > l ) .  (4.7) 

Using the Green ' s  funct ion (A.16) for the Helm-  
holtz equat ion in one space dimension one can show 
similarly that 

p - pom 3 ( m ~ l )  
(4.8) 

p ~ pore (m ,> 1) 

for the one-dimensional  fields radiated by compac t  
and non-compact  quadrupole  fields (note, of 
course,  that Tr,(k, to)~poul "÷ ' where n is the 
number  of space dimensions).  

We have seen previously that when m '~ 1, the 
fields of monopole ,  dipole and quadrupole  each 
differ by a factor  m in three dimensions and this is 
also true in two and one dimension.  Therefore ,  if 
we have N dimensions of  space and a source of 
order  p (p = l for monopole ,  2 for dipole, 3 for 
quadrupole ,  etc.), then (Ffowcs  Williams"5)), 

(~),N-,)n, 
p - -  po -- m p*l-I°-mpl (m ~ 1) 

(4.9) 



46 D.G. CRIGHTON 

while 

[ 1 .~ ~,N-,m o ~oo~y) m (m ~>l). 

These constitute the general extensions of Light- 
hill's basic result (3.12). 

The applications of (4.9) to two or one dimension 
are not to be taken too literally, since one- or 
two-dimensional turbulence does not exist. How- 
ever, .if the sound field generated by three- 
dimensional turbulence is constrained to spread in 
only one or two dimensions, one can set up a 
Lighthill type of equation for one or two dimen- 
sions by an averaging process. For example, if flow 
were constrained between two infinite parallel 
plates, a two-dimensional sound field is propagated 
to large distances, a Lighthill equation in two 
dimensions can be set up by averaging the three- 
dimensional equation over the separation normal to 
the plates, and the predictions (4.6) and (4.7) would 
then apply to the averaged density. Or again, tur- 
bulence constrained within a narrow pipe generates 
a one-dimensional (plane wave) sound field in the 
pipe, and (4.8) would apply to the density fluctua- 
tion averaged over the section normal to the pipe 
axis. The main application of (4.9) so far has been 
to the shallow-water wave simulation of three- 
dimensional aerodynamic noise (discussed in Sec- 
tion 10). 

We conclude this section by showing the power 
of the (x, ~o) method in leading to analogous results 
for other problems of wave motion generated by 
turbulent flow. We take the specific case of the 
excitation by turbulent boundary-layer pressures of 
bending waves on an infinite thin elastic plate. Let 
the plate occupy the (1,2) plane, with deflection 7/ 
into the region x3>0  occupied by fluid. Then if 
p(x, t) is the turbulent boundary layer pressure 
field on a rigid plane wall, and if we neglect changes 
to p caused by the wave motion, the plate vibration 
is described by 

m-~+BV~, .2~ ~ ( x , t ) = - p ( x , t ) ,  (4.10) 

m being the plate mass per unit area, B the bending 
stiffness. 

The surface pressure fluctuations in incompressi- 
ble flow have typical magnitude proportional to 
ooU 2, with length and time scales I and l / U r e s p e c -  
tively, U being the free-stream speed and l the 
boundary-layer thickness. Given only these proper- 
ties of the excitation, we wish to find the most 
significant features of the plate response. This can 
be done in real space and time (Crighton and 
Ffowcs Williams~°), but only with some difficulty, 
since the Green's  function for 

(O-~ + p.2V~',..,0 G(x, t ) =  6(x)6( t )  

H ( t )  s i (  X" ) is (A.19) G(x, t )=-4~ . / .~  ~ ' 

a somewhat inconvenient function to deal with. It is 
easier to take transforms in t, giving 

V 4 4 1 ( . , : , - k , ) ~ ( x .  t o ) = - ~ - p ( x , ~ o )  (4.11) 

in which kp = (mto:/B)  "~ is the free plate bending 
wavenumber at frequency to. The plate waves are, 
of course, strongly dispersive, the phase speed 
c, = to/k, of a wave of frequency to being c, = 
(to:B Im ),,4. 

The Green's  function for (4.1 l) is (cf. A.20) 

G(x,  co) = (8ik~)-' H~'~(kpx ) + - -  K,,(k,x ) , 
"17" 

and at many plate wavelengths from the source 

(2"~": 
G(x. to) - (8 ik~)- '  \~--~px / 

x exp ( i k , x - 4 ) .  (4.12) 

The analogue of (4.2) is then easily seen to be 

exp i(kpx + ~-/4) 
rt(x, to) - 2,P.Bk~/,x ,21rRp_ 

x p(kr = - kp, k, = 0, to), (4.13) 

y, and y., being surface coordinates parallel and 
normal to the direction x. Comments apply here 
just as they do in the acoustic problem. Only the 
spectral components of the pressure field which 
have their wavenumber and frequency related by the 
plate wave dispersion relation k, + ( m w " l B )  "4 = 0  
can make any contribution to the far-field plate 
vibration. 

There is, of course, no such thing as a counter- 
part to the wave-front x = aot for this dispersive 
system (as G(x, t) makes clear), and so it is not 
obvious that an estimate of the "typical level" of 

1 ( e x p  i(kpx - tot + 1r/4) 
r t ( x , t ) = ~ - - ~ /  - , 5 / . , , - , , _ 5 / ,  ~/-" ~/-, 

J Z, D K p  'lr X 

x p(k ,  = - k,, O, to) dw (4.14) 

can legitimately be made by suppressing the expo- 
nential factor (indeed, it is not even clear what the 
"typical level" really means). For  the moment we 
proceed ignoring this difficulty, and later give a 
proof which justifies the step very generally. 

The curve k, + (mw"/B)  '~'= 0 becomes close to 
the to-axis when m IB becomes small (in an appro- 
priate dimensionless sense which will become clear 
in a moment). Then all the turbulence frequencies 
up to U/I have matched wavenumbers k, which lie 
well below the upper limit I- '  of turbulence 
wavenumbers,  and consequently we estimate 

, {m U~-"  /!k/t-q -,1-.-\--~r-/ .,,-":(t, oU")( lb~/tT) 
= i ( / ) , n ( ~ j ) E  ''4. (4 .15)  

Here E = Ulltz, and p. = ( B / m )  '~2 has the dimen- 
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sions of a kinematic diffusivity. The parameter  E is 
precisely analogous to the Mach number in the 
acoustic problem; the proper meaning of "large 
B / m "  is E ~ 1, and in that limit the turbulence and 
plate waves have the same frequency U[l, but 
length scales I and A ~ IE-"2,> I. 

When E ~> 1 the effective frequency range for 
(4.14) is limited to (0, U/El) by the restriction that 
k, shall not exceed I -~, and then 

17 ~ I E. (4.16) 

This is the non-compact limit, in which the pressure 
field and plate waves have the same length scale l, but 
the wave period is El / U, much longer than the period 
of the pressure fluctuations. 

The expression (4.15) for E ' ~  1 is in fact an 
overestimate, for it is known that the integral of the 
pressure field generated by an incompressible flow 
over an infinite plane surface is zero, i.e. that 
p(kr = 0, k~ = 0, to) = 0. "6) In the aerodynamic noise 
context that would correspond to, say, the degener- 
ation of a quadrupole into an octupole. The effect is 
to reduce the deflection "0 by a factor of order E"2 
when E ,~ 1--though as we have repeatedly seen, 
such a degeneration has no effect in the acoustically 
non-compact case and that is also true in the 
present problem. 

We now justify the estimates (4.15) and (4.16) in a 
rather formal way. We suppose that the pressure 
field p(x, t) is a random function of space and time, 
statistically stationary in time, though not necessar- 
ily statistically homogeneous in space. Then the 
covariance 

( p ( x , t ) p ( x + r , t + ' c ) ) = R ( r , r ; x )  (4.17) 

is a function of the space and time separations r, ~-, 
and in general of x also. The brackets (-.-) denote a 
time average. The transform of R over the separa- 
tions is the pressure power spectrum function 

f 
S(k, to;x) = J R(r ,  ~-;x) 

× exp i(k • r +  tot) d r  dr  (4.18) 

and can be related to the Fourier  components 
pot ,  to) of the fluctuating pressure itself, for 
(Lumley "7~) 

(pOt, to)p*(k',  to')) 

= f (p (x, t)p (y, tr)) exp {ik • x + itot - i k' • y 

- ito'tr} dx dt dy dtr 

= f R(r ,  ~';x) exp { i ( k - k ' )  • x +  i(to - to')t 

- ik' • r -  ito"r} dx dt dr d'r 

f 
2~rS(to - to') J S ( - k ' ,  

- to'; x) exp [ i ( k -  k')" x] dx. (4.19) 

Now in our problem, (4.14) gives, with neglect of 
overall multiplicative numerical factors, 

, 

(,7"(x, t ) ) =  \~-, '  \ -A-/  

× exp { i ( ~ )  '"x - i(~--~) ' " -  itot + ito't) 

1 to  - 5  S to  , z  
: ~ f ( ~ - )  ( ( ~ - ) , 0 , - t o ; y ) d y d t o .  

Thus 

y ( ~  ~(x)) = 
1 -5  t o  1/2 

B:x f ( ~ )  S((--~) , 0 , - t o ; y )  dto (4.20) 

where the left side denotes the contribution to the 
mean square deflection at x from unit area at y. The 
oscillating exponential terms have disappeared, but 
otherwise the mean square deflection is related to 
the power spectrum, evaluated at the free wave 
condition k,+(mto2/B)~'=O, in much the same 
way as the fluctuating quantities were in (4.14). 

Dimensional analysis now goes through as be- 
fore. A more precise way of saying that the turbu- 
lent pressure field is generated by eddies of size l 
and time scale l[U is to say that 

R(r,  ~-; x) = A(x)l~(rll, Ur/l) (p0U2) 2 

where A (x) changes only slowly in most flows and 
the dimensionless /~ function is appreciable only 
when all its arguments are of order unity or less. 
Correspondingly 

S(k, to;x) = A (x)S(k/, tol/U)(poU2)2(13/U) 

where S is appreciable only if all its arguments are 
O(1) or smaller. Using this form in (4.20), and 
making the appropriate estimates of the frequency 
ranges for the compact (E ,~ 1) and non-compact 
(E -> 1) limits, we readily find 

7-( '0  (x))~ - -  (E ,~ 1) oy  \ x / \ m  / 
( l~(p°l l 'E'  (E ~> 1), 

- \ x / ~ m /  

which are exactly the results obtained if (4.15) and 
(4.16) are squared, averaged and divided by the area 
l ~ of the coherent pressure fluctuation. 

Thus the "typical level" estimates of (4.15) and 
(4.16), obtained by ignoring the propagation phase 
factor in (4.14), are to be understood as those which 
when squared and averaged and divided by the 
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"correlation area" I" give the contribution which 
unit area of the surface pressure field makes to the 
mean square vibration level. In non-dispersive sys- 
tems the "typical level" is in fact realized near the 
wave-front x = aot. Dispersive effects cause the 
coherent excitation to be spread over a wide range 
of arrival times at any point, so that the "typical 
level" can only be understood in an average sense. 
With this understanding we shall abandon further 
use of the statistical functions, and continue to 
work directly with the fluctuating quantities them- 
selves. 

5. EFFECTS OF SOURCE CONVECTION 

There are two reasons why it is worthwhile-- 
indeed, in many applications almost essential--to 
recognize explicitly that often the sound sources 
are not stationary with respect to the ambient fluid, 
but are being convected relative to it by a mean 
velocity field U (in the x. direction, say). The first 
reason remains important even at very low mean 
Mach number M = U/ao, and concerns the appar- 
ently rapid time rates of change at a fixed point in 
all turbulent shear flows. Typically, the fixed point 
frequencies are of order U/l, I again denoting the 
eddy size, whereas the "intrinsic" turbulence fre- 
quencies are much lower, of order u/l. It might be 
thought that the rapid fixed point rates of change 
would greatly affect and enhance the sound output, 
for Lighthill's solution (3.11) involves a double time 
rate of change. However, the high frequencies seen 
at a fixed point arise mainly from the convection, at 
a speed of order U, of an almost "frozen" spatial 
eddy structure of scale I. This implies that OTq/Ot is 
nearly a space derivative, and the radiation field 
nearly, therefore, of highly inefficient octupole 
type. More precisely, 

= + Uc T,i - U ~ x  ~ T,j, 

Uc being the eddy convection velocity, not neces- 
sarily the same as the mean velocity U. The first 
operator O]Ot+U¢O/Ox~ represents the intrinsic 
rate of change of the eddy pattern, O/Ot+ 
U~ O]Ox, ~ u/I, and leads as before to the density 
field of (3.12). The second term represents an 
octupole field -O(UcT~i)[Ox~ if Uc is slowly chang- 
ing on the scale I, with a density field smaller than 
that of (3.12) by a factor of order (mUc/u) ,  which is 
small if U¢/ao~ 1. 

We must, therefore, not inflate rates of change by 
adding convective derivatives. Only the intrinsic 
rates of change are significant. A well-known result 
(effectively proved later in this section) which ex- 
presses this forcibly is that a completely "frozen" 
(i.e. O/at + U~ Max,  =-0) source pattern convected 
at subsonic speed radiates no sound field. 

The second convective effect is more far- 
reaching, and concerns the Doppler change in fre- 
quencies and wavelengths. Consider a point source, 

which would emit a wavelength h if at rest, being 
convected in the direction 0 = 0 at Mach number 
Mc = Uc/ao. Then the wavelength radiated in direc- 
tion 0 is A ( I - M , ) ,  where M , = M c c o s O  is the 
component of convection Mach number in the 
radiation direction 0. This is because during one 
cycle of the source the sound wave travels a 
distance A towards the observer, while the source 
moves on a distance AMc cos 0 towards him, so 
that consecutive wavefronts are separated by a 
distance A(I - M , )  as seen by an observer in direc- 
tion 0. 

The Doppler wavelength contraction ahead of 
the source has important consequences for the 
radiation from multipole sources. Consider, for 
example, Lighthill's famous formula (3.12), which 
is more correctly and fundamentally expressed in 
the form 

Here Ic is the eddy size in the convection direction, 
I the size in directions normal to that direction, 
there being a very good reason to distinguish be- 
tween them when convective effects operate. The 
m 2 factor arises from Tq/ao, and expresses the fact 
that within the unsteady flow ( x - l )  density 
changes are of relative order m'% The extra factor 
(l/A)" arises from the quadrupole nature of the 
far-field radiation, as advertised by the operators 
O']Ox, Oxj or ao'-O:/Ot 2 in (3.11), and expresses the 
doubly almost self-cancelling nature of the four 
elementary sources which make up the eddy quad- 
rupole. We may conveniently refer to l/A as the 
compactness ratio. Clearly, source convection al- 
ters the compactness ratio, increasing it, and the 
radiation, ahead of the source (cos 0 > 0), reducing 
it and the radiation behind the source (Me < 1 being 
assumed). 

The sources comprising a quadrupole fail to 
cancel only because they emit at slightly different 
times in order to be heard concurrently in the 
far-field. The nearer sources emit somewhat later 
than those further from the observer. If, however, 
the quadrupole is being convected, and cos 0 > 0, 
then during the emission time difference the nearer 
sources have come even nearer to the observer, and 
need emit at an even later time. As well as weaken- 
ing the cancellation effect, we see that convection 
increases the effective quadrupole length scale in 
the convection direction, i.e. the distance between 
the extremities of the eddy at their appropriate 
emission times. The increase is, of course, given 
again by the Doppler factor, 

I I~ = - -  (5.2) l - M , '  

I being the real physical source scale. For suppose 
that the further part of the eddy emits at time to, so 
that the signal arrives at x at time to+x/ao.  If the 
nearer part emits at time to + r, its signal will arrive 
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at x at time t , + r + ( x - I  cos 0 - a 0 M c r c o s  O)/ao, 
so that for the arrival times to coincide r = 
/cos  O/ao(1-M, ) ,  leading to an "effective eddy 
length in the convection direction" lc = I + aoM~r = 
I / ( 1 -  M,),  as stated. 

Together, the wavelength contraction and the 
change of effective source scale in the convection 
direction lead us to anticipate that Lighthilrs law 
(3.12) will, for a convected eddy, take the form 

(,)m+ 
p - oo 7 C1 -~,)~' (5.3) 

as originally given by Lighthill.<4> While that is valid 
for a single eddy, it requires modification if a 
distribution of eddies is involved, as first shown by 
Ffowcs Williams. ''~ The modification is more easily 
described in terms of the intensity, since it is 
essentially a statistical one. Although the effective 
eddy volume increases because of convection (if 
cos 0 > 0) the real physical flow volume does not, 
and therefore the number of eddies which can 
contribute to the radiation at any instant must 
decrease correspondingly. Thus, although the in- 
tensity radiated by a single eddy is proportional to 
(1 - M~) -~, the intensity per unit volume is of order 
pou3(l,./x)2m~(l - M,)-4(ld2) -', and the intensity 
from a fixed volume V is 

pou3(llx)2(ff--~3)m'(l - M,) --s (5.4) 

with only a ( -5)  power dependence upon the 
Doppler factor. 

By explicitly taking out convective effects in the 
way illustrated by (5.3) and (5.4) we may hope to 
continue to use Lighthilrs basic idea--that turbu- 
lent eddies are acoustically equivalent to compact 
quadrupoles--even in situations of high supersonic 
mean Mach number. Convection renders otherwise 
compact eddies less compact, though if we account 
for the lack of compactness properly we can con- 
tinue to make the assumptions of Section 4 in the 
reference frame convected with the eddies. Note, 
of course, that our equations continue to hold at 
supersonic convection speeds provided we write 
11 - M , I  in place of ( 1 -  M,) and avoid the location 
at which M+ cos 0 = 1. At this angle convective 
effects have made the source infinitely non- 
compact, the wavelength having contracted to zero 
and the source length in the convection direction 
having become infinite. There are two properties of 
the turbulent eddy source which prevent the radia- 
tion from becoming infinite. Firstly, the source has 
a finite scale I, which imposes a lower limit on the 
contraction which convection can produce on the 
wavelength. Secondly, the source has a finite life- 
time I/u, which prevents an infinite field from 
building up as the source and its wave field both 
convect in the direction cos 0 = M~ t at exactly 
sonic speed. If these features are not both 
possessed--and they are not, for example, in the 
case of a projectile moving steadily at supersonic 

speed--then infinite radiation does result in the 
direction cos -~ Mc t, at any rate in linear theory, and 
a sonic bang is heard. But if the source has finite 
spatial and temporal scales, the most which convec- 
tion can do is to make the source non-compact to 
the extent that its component sources radiate inde- 
pendently and completely without cancellation--so 
that for 0 = cos -t M~ ~ we might expect the non- 
compact quadrupole radiation 

given by (3.14) to be heard. 
This is exactly what does occur, and we shall 

now obtain a formula for the radiated field which is 
uniformly valid in angle and Mach number, and 
which reduces to (5.3) or (5.5) where appropriate. 

A convection velocity U+ may be defined as one 
relative to which the statistical functions describing 
a turbulent flow change as slowly as possible. In 
general Uc is a function of the cross-stream coordi- 
nate, and is a fraction around 0.6--0.7 of the corres- 
ponding mean velocity. Here we start from the 
simplest possiblity, that U, is a constant velocity. 
When we travel downstream at speed Uc we see 
eddies with size l and life-time l/u, as before. This 
implies that any function of the flow variables, in 
particular the stress tensor T,, has the form 

T~(x, t) = S~,(,l, t) 

where ~ = x - U+t is a moving coordinate attached 
to the eddies. S,, varies with "0 on a scale I, and with 
t on a scale l/u. Now the expression for the density 
fluctuation 

p(x, x /ao) = (4zra ~x)-' ; k2T, (  - ko, O, to) dto, 
d (5.6) 

given in Section 4, is quite general, but involves the 
transform of T,  over space x and time t, 

T,(k, to) = [ T,(x, t) e ; k - x + i ~ t  dx dt 

- S,(k, to + k.U+). (5.7) 

The frequency shift here is just another expression 
of the Doppler effect. Note that S,(rl, t) is the 
Lighthill tensor as measured from a frame moving 
with the convection velocity, so that S~(k, to) is the 
transform of this function as measured in the 
convected frame. The point of changing coordi- 
nates is simply to enable us still to use a simple 
description of the turbulence. 

Use of (5.7) in (5.6) leads to an integral of the 
form 

f k2oS,,(-ko, O, toD) = dto 

to2 { k, + co ff s+(k,,0,too)+_  }dtodk, 
where we write D = 1 -  M, = 1 - M e  cos 0 for the 
Doppler factor and introduce a g-function to re- 

JPA~ '+Ill 1(+ l D 



50 D.G.  CRIGHTON 

write the single integral over co as a double integral 
over the (k,, w) plane. Define dimensionless  vari- 
ables K = krl, t~ = tol/u and E (K, o-) = 
(poul')-~S,,(kr, O, to), and the integral becomes 

poU 41 a oO, f f E (5.8) 
If we integrate the 8-function out over cr or K we 

have at some stage to stipulate whether  I1- Mrl-> 
m or I 1 - M , l ~ m ,  or neither. In the first case we 
then obtain the compact  result (5.3), in the second 
we obtain the non-compact  case (5.5), while in the 
third we get nowhere without a good deal of 
manipulat ion.  We can get a uniformly valid result at 
once by integrating instead over the line K + ( m / D )  
tr = 0  on which the ~-function vanishes.  Using 
(A.6) we have 

mcr g(K, tr) = K +~---,  [Vg I =(1 +m'-/DZ) 'p" 

and the curve S* on which g = 0 is K*+ m ~ * / D  = 
0. Thus (5.8) becomes 

pou41 f . :  X(K*,o-*) 
a - - ~  J o" (l + m,./D2),,', dS*  

= Po u41 
aoD3/l~ m , \ m  f (o-*" + K *z) ~ (K*, o '*)dS*.  

Now, we make the assumption that if the scales 
l, u are properly chosen,  the variation of E (~<, tr) 
with wavenumber  K is the same as its variation with 
f requency or--or  strictly, that E(K, ~)  is an isotro- 
pic funct ion in the wavenumber - f requency  space. 
This corresponds to saying that the contours  of 
Figs. 5 and 6 can be made circular by approp- 
riate stretching of the axes. Of course,  the variation 
of E (K, or) with K, ~ is random in a turbulent  flow, 
but  what we are requiring is that the average shape 
of the contours  can be made circular with suitable 
scales I, u. This is an entirely reasonable assump- 
tion, supported by experimental  evidence,  but  it 
does leave the values of u, I somewhat  ill-defined 
until they are either predicted from turbulence 
theory or found from experiment.  

With this assumption,  

and 

f (~*~+~*~) Y,(~*,~*)dS*= f u'-Y.(u)du 
equals a pure number  independent  of all parame- 
ters. Then,  we have 

/oou "l~ * 1 
P - a g ~ ' X - ' l ~  I x m2102) m \a~13"/ (1 + 

po( l /x )m'  
= [ ( 1 - M ~  cos 0)2+ m~] m" (5.9) 

This formula holds uniformly over all values of 
m, M,. To be physically plausible, we must  assume 
that m "~ 1, so that the turbulent  eddies themselves 

are unaffected by compressibil i ty,  but Mr can be 
large or small. 

By putting Mr = 0, we get 
m 4 

as a uniformly valid formula for the density 
radiated by a non-convected  eddy with arbitrary 
u/ao. This reproduces the expressions (3.12) and 
(3.14) in the limits m ~ 1 and m >> 1, respectively,  
and also gives the field for values of m which are 
not very small or very large. It has obvious 
analogues (e.g. (2.16)) for multipoles of other or- 
ders. 

Note secondly that, for moderate  subsonic val- 
ues of Me, with m ,~ Me, (5.9) gives 

p0(l/x)m4 
P - ( l - M r  c o s 0 )  ~' 

which is the formula (5.3) originally derived by 
LighthillJ 4~ The density field is increased in the 
downstream direction (cos 0 > 0) and reduced up- 
stream. The increase in power emitted downst ream 
can be shown to exceed the loss in upstream power, 
so that convect ion not only causes a preferential  
downst ream emission,  but  also increases the total 
radiated power. 

If Mc > 1, then eqn. (5.3) fails near  the particular 
direction defined by Mc cos 0~ = 1, Ou being called 
the Mach angle. The complete expression still holds 
near  0 = 0M, and gives 

which is just  the field of a non-compact  eddy 
according to eqn. (3.14). Away from 0 = 0M, the 
field is that of a compact  eddy, modified by the 
convect ion factor (1 - M c  cos 0) -3, since m ~ Me. 
Near  0 = 0M, the convect ion factor has the non-zero 
value m -3, and the field in the Mach direction is that 
of a non-compact  eddy. When Mc >> 1 and 0 ~ 0M, 
we have 

p - po ~ sec 3 0 

and the field increases like the first power of 
velocity. 

The factor [ ( l -  Mc cos 0)2+ m2] ~2 which occurs 
here is a generalized Doppler factor for a source of 
finite length. The Doppler  factor (1 - Mr cos 0) for 
a point  source predicts zero wavelength at the 
Mach angle. If, however,  the source has a finite 
length scale l, the wavelength can never  be reduced 
below l, and this is achieved by the modified 
Doppler  factor. The eddy at rest is itself compact  in 
reality, since m is assumed small, and the 
wavelength is l /m. The wavelength emitted by the 
convected eddy is, using the modified Doppler  
factor, 

I - - [ ( 1 - M ¢ c o s O ) 2 + r n 2 ]  'n. (5.11) 
m 
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Away from 0 = 0M, the ordinary Doppler factor is 
recovered, while near 0 = 0M, the wavelength is just 
l, equal to the source length. 

The intensity produced by a convected eddy is 
predicted by eqn. (5.9) to vary as 

[(I - Mc cos 0)2+ m2] -3. 

If the intensity produced by a fixed volume of 
turbulence is required, this factor is changed, as 
first shown by Ffowcs Williams "9~ and Ribner, ~9~ to 

[(1 - M~ cos 0) :+  m2] -5j2. (5.12) 

The reason is as before, that the change in effective 
source scale reduces the number of eddies which 
can be heard at a fixed x simultaneously. The 
number is reduced by the fractional change in 
wavelength, i.e. by [(1 - M~ cos 0)2+ m2] ~2 and that 
gives a ( -  5/2) power in the intensity in place of the 
( - 3 )  for the intensity of a single eddy. 

The two-dimensional analogues of these results 
are important for the shallow-water wave simula- 
tion. The steps are very much the same, and lead to 

po( l Ix )l12m 712 
P ~ [(1 - Mc cos 0) 2 + m2] 5/4" (5.13) 

Away from the Mach angle, the field is that of a 
compact  eddy, multiplied by 

(1 - Mc cos 0) -m. 

Near 0 = 0M, the field is p ~ po(l/x)~lZm, that of a 
non-compact eddy. The intensity of a single eddy 
varies as 

[(1 - M~ cos 0)2+ rn2] -5/2, 

and the Doppler contraction operates again to 
reduce this factor to 

[(1 - M~ cos 0)2+ m2] -2 (5.14) 

for the intensity from a fixed volume. 
To summarize this section, eddies are in them- 

selves compact,  in the sense that m ~ 1. Convec- 
tion renders them less compact,  through reducing 
the wavelength by the Doppler factor, which is 
( 1 - M e  cos 0) for a source of zero length. The 
effective source scale in the convection direction is 
also increased by the inverse of the Doppler factor. 
When M~ > 1, there is a direction 0u = cos-~MU ~ in 
which the wavelength apparently contracts to zero. 
The finite length of an eddy prevents the 
wavelength from contracting beyond l, modifying 
the Doppler factor to [(1 - M~ cos 0)2+ m 2],~2. Near 
0 = 0M, the wavelength is of order l, the eddies are 
not compact  and they radiate the non-compact field 
(3.14). Away from 0 = 0M, the Doppler factor is 
again ( 1 -  Me cos 0) approximately,  and the field 
radiated is that of a compact  eddy multiplied by 
( 1 - M ~  cos 0) -~. For  a volume distribution, the 
effective source length increase reduces the 
number of eddies in a fixed volume, and the inten- 
sity goes like [(1 - M~ cos 0)2+ m2] -m. For  M~ >> 1, 

this implies that the total dependence of the inten- 
sity of a jet or rocket flow upon velocity is as 
m 8/M5c, i.e. as (velocity) 3. The rate at which energy 
is supplied to the flow is also proportional to 
(velocity) 3, so that the acoustic efficiency = (sound 
power)/(flow power) becomes constant at high 
supersonic speeds. Measurements support this (cf. 
references given by Lighthill ~8~ and Ffowcs Wil- 
liams"9~), and show that the efficiency levels off at 
around 1% in rocket flows at Mc - 2 .  This shows 
that, in gross terms, the sound radiation from flows 
remains a small by-product even at very high 
speeds. 

Most turbulent flows involve a variation of mean 
velocity, and hence also of convection velocity, 
with position. Consequently, at high supersonic 
speeds, every position x is in the Mach direction of 
some eddies, and so receives their non-compact 
field as well as the compact  field of other eddies. 
Ffowcs Williams and Maidanik ~2°~ have given a 
formulation of the "Mach wave" process of noise 
generation by eddies in supersonic motion which 
includes the variation of convection Mach number 
Mc with cross-stream position. They rewrite Light- 
hill 's source terms, ~2TJOy,~yj(y, t - I x - y l / a 0 ) ,  in a 
form which is particularly suitable for estimation of 
the field in the Mach direct ion-- the  direction in 
which the eddy convection velocity is exactly 
s o n i c q a t  each cross-stream section. The field for 
0 ~ 0M is then deduced by multiplying the intensity 
at 0 = 0M by m 5[(1 - Mr)2+ m 2]-5/2. Integration over 
all cross-stream positions can be transformed into 
integration over all convection Mach numbers from 
unity up to the free stream Mach number in the 
boundary layer case, or the centreline Mach 
number in the jet case. Apart from the ratio of 
fluctuation Mach number to mean flow Mach 
number, taken from experiments as a constant 
independent of cross-stream position, the theory 
contains no disposable constants, and gives results 
in very good agreement (to within a factor of 2, i.e. 
3 decibels) with measurements of the noise from 
supersonic boundary layers at free stream Mach 
numbers U/ao between 1.5 and 5. 

This theory can also be carried through under the 
supposition that the field is comprised solely of 
Mach waves. To do this we take the field calculated 
by Ffowcs Williams and Maidanik for the Mach 
angle, and concentrate this field entirely on the 
Mach angle by multiplying by an appropriately 
normalized 8-function, proportional to 8 ( l -  
Mc cos 0). This has the effect of suppressing the 
compact  fields radiated by eddies away from the 
Mach angle. The final results are not significantly 
lower than those calculated by Ffowcs Williams 
and Maidanik, and we therefore conclude that flows 
with a peak Mach number U/ao greater than, say, 2 
generate noise principally in the form of "eddy 
Mach waves" - - the  non-compact field from eddies 
convected towards the observer at exactly sonic 
speed. 
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Returning to the subject of jet noise at subsonic 
convection Mach numbers, the experimental evi- 
dence for "convective amplification" is somewhat 
conflicting. In 1963 Lighthill ~8~ successfully argued 
that the convective factor (1 - Mc cos 0) --~ on inten- 
sity could in itself explain the highly directional 
nature of jet noise. His fig. 13, reproduced below 
as Fig. 7, substantiates that claim very well, on 
the basis of experimental results available at that 
time, through the rear arc, 0 < 90 °. (The forward 
arc is now widely recognized to be very often 
dominated by noise fields other than those as- 
sociated with turbulent mixing in the jet exhaust, 
cf. Section 10 (iii), largely because the eddy convec- 
tion factor so heavily suppresses the mixing noise 
for 0 > 90°.) There have been various attempts to 
improve the agreement by postulating that Tij itself 
contains longitudinal, lateral and isotropic elements 
in certain proportions, so that there is a basic 
directivity--say of the form A sin" 20 + B which is 
then to be multiplied by ( I - M e  cos 0) -~. All of 
these postulates are rather arbitrary, and none has 
led to significantly better agreement with good rear 
arc measurements. Indeed, in recent carefully con- 
trolled model experiments, Lush ~-'" was able to 
clearly detect the (1-M,.  cos 0) -5 factor, except 
fairly close to the exhaust direction 0 = 0. 
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FIG. 7. (from Lighthill, ~8' with permission). Directional 
distribution of intensity from cold air jets, exit velocity 
300m/sec, convection Mach number Mc estimated as 
150m/sec. Levels are in decibels relative to 0 =75 °. 
Circles, Lee (1953); crosses, Lassiter and Hubbard (1952); 

triangles, Powell (1951). 

That, however, is far from the whole story. The 
acoustic power generated by a single eddy quad- 
rupole of, say, the lateral type with one axis in the 
direction of convection, should increase, because 
of the (l - Mc cos 0) -6 factor, by a multiple (1 + 
5M2c)(1- M2c) -4 above the U 8 level. See, for exam- 

pie, Lighthill, ~4~ where eqn. (34) and fig. ! show a 
predicted power increase of l0 decibels (factor of 
10) at M,. =0.6 and of 20dB (factor of 100) at 
Mc = 0.8. However, despite the predicted increase 
above the U 8 level, the frequency spectrum of the 
total power should still have a peak at a frequency 
proportional to U/D, i.e. "Strouhal" scaling should 
continue to operate. (This is just a formal way of 
saying that the characteristic time scale of the 
motion is of order I/u, the relevant parameters here 
being the mean exhaust velocity U and the nozzle 
diameter D.) 

Neither of these predictions is even approxi- 
mately borne out by experiments, even by those of 
Lush which showed the (1 - Mc cos 0)-: factor so 
clearly, and which are believed to be relatively free 
of extraneous noise sources. Experiments show 
that the total power continues to scale very closely 
on U s, up to values of U around 2ao, beyond which 
the typical convection Mach number M, = 0.65M 
exceeds unity. That seems to point very firmly to a 
non-convected quadrupole mechanism, U 4 coming 
from the square of T~j and another U" from the 
square of the double time derivative in (3.11) with 
the assumption of Strouhal scaling, O/Ot ~ U/D. 
Yet the experiments show also that Strouhal scaling 
does not work for the total power. The peak 
frequency of the power varies much less rapidly 
with U than the Strouhal frequency U/D; f 
(Uao)'2/D is about the fastest variation recorded, 
while Mani ~'"~ suggests that f is virtually indepen- 
dent of U, f ~ ao/D. Measured values of the inten- 
sity also show rather curious trends. At shallow 
angles to the jet axis, Lush found that Strouhal 
scaling failed for the peak frequency of the inten- 
sity, and that the intensity scaled on U 4 with peak 
frequency independent of U. At 90 ° to the axis, 
where convective effects should be entirely absent, 
Lush found that the intensity scaled on U 8 and that 
the peak frequency for the intensity followed the 
Strouhal law f ~ U/D. 

Several explanations of different aspects of this 
confusing picture have been given. Lighthill ~"' 
suggested that the turbulence intensity u / U  was a 
decreasing function of Mach number, and that this 
decrease of the strength of T~j and of the typical 
frequency u/l might be sufficient to offset the 
power increase caused by convective amplifica- 
tions. Moreover, the variation of u / U  would then 
produce a U ~ law at 0 =90 ° for the intensity, a 
variation which at the time was widely found 
experimentally. More refined experiments have, 
since 1963, revealed other features which make this 
explanation seem unlikely. In particular, the U ~ 
variation at 90 ° is now regarded as caused by 
sources other than those of turbulent mixing, and a 
very good U 8 variation can be obtained at 90 ° if 
sufficient care is taken to eliminate noise and tur- 
bulence upstream of the nozzle exit plane. 

A more promising explanation is the purely 
acoustic one based on a suggestion by Csanady '2'' 
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(and in essence by Ribner and Powell before him) 
and recently exploited in detail by Mani. ~3'2'~ The 
idea is simply that the acoustic power output of any 
source is determined solely by the local environment 
within a wavelength (approximately) of the source, 
and not by conditions further away. Those condi- 
tions may scatter the power into different directions 
(as happens in the processes usually referred to as 
refraction and diffraction) but they cannot increase 
the power. (There are, of course, exceptions to this 
principle, some of which will be mentioned later, as 
such exceptions are obviously of paramount impor- 
tance.) 

The principle implies that a source convected by 
a mean flow will produce a convectively amplified 
power output only if it is "directly aware of its 
motion", as it were, through being separated from 
the static ambient fluid by less than a wavelength of 
convected fluid. As the frequency increases, a 
source inside a jet flow and convected by it suffers 
increasingly less convective amplification, and in 
the very high-frequency limit radiates just the 
power which it would if at rest in the ambient fluid. 
Mani ~2'~ demonstrates this result firstly for the case 
of a source convected along the centreline of a 
round slug flow jet (U = U0 within the cylinder 
r = a, U = 0 for r > a) ,  and secondly for the case 
of a line source in a two-dimensional slug flow jet, 
with the source convection line displaced laterally 
from the centreline. The results of the second 
problem show that it is irrelevant whether the 
source is convected along the centreline or not; the 
convective amplification seems to be determined by 
the total extent of the "shrouding" fluid on both 
sides, rather than simply by the smallest separation 
between source and ambient fluid. 

Mani gives results for the corrections which 
should be applied to the simple convective amplifi- 
cation factor to account for mean flow "shrouding" 
for a range of source frequency parameters and 
mean flow Mach numbers. He then applies these 
corrections for the total power of a monopole to 
the intensity spectrum of jet  noise at 90 ° taken from 
Lush's  measurements,  this spectrum having the 
features of pure non-convected mixing noise (i.e. 
U 8 scaling, Strouhal variation for the frequencies). 
The corrected intensity spectrum is then inter- 
preted as a power spectrum. Although the process 
is open to many objections it seems qualitatively 
reasonable, and leads to results which are consis- 
tent with the measurements. In particular, shrouding 
offsets convective amplification so that the total 
power continues to vary as U 8 throughout the 
subsonic convection range, while the peak Strouhal 
number for the power is predicted to decrease as 
M - ' - - o r ,  in other words, the peak frequency scales 
on adD independently of jet  velocity. 

The simple models used to demonstrate these 
effects need further development to be completely 
convincing. Arguments related to the intensity vari- 
ation are needed, not just those for the power. This 

is particularly important, since in Mani's work the 
convective amplification Doppler factors are in fact 
present in the intensity at all points where there is a 
significant intensity. The shrouding effect really 
amounts to the creation of "zones of silence", 
through refraction across the shear layer separating 
the jet stream from the outside fluid. Negligible 
power is radiated into the zones of silence, which 
merely restrict the angular range in which a convec- 
tively amplified field can be heard. The upshot is 
that the total power may not be greatly increased, 
although the intensity over a certain range of angle 
will be. 

Nevertheless,  the idea hat's a sound physical basis 
which must apply in many other areas also. Mani 
himself applies it to the noise of heated jets, '2'~ 
while Fisher ~zS~ has used it to explain the way in 
which noise suppression can be achieved by caus- 
ing a jet to fish-tail (for example, by exhausting the 
jet  through a circular nozzle with two diametrically 
opposite notches). In both of those areas there are 
alternative explanations (Lush and Fisher, ~ Crigh- 
ton ~27~) and the dominant mechanism is not yet 
pinned down. The important point, however,  is that 
convective amplification and shrouding are both 
important effects for sound generation, and need 
to be explicitly isolated and estimated, rather than 
left hidden in the forcing term in Lighthill 's 
equation. 

6. SURFACE EFFECTS IN FLOW NOISE 

Unsteady flow near a solid body generates fluc- 
tuating forces on the body, and also fluctuating 
displacements of the body surface if the body is not 
rigid. These unsteady forces and surface displace- 
ments may act as sources of noise in addition to the 
sources associated with the unsteady flow itself. In 
this section we study an integral expression for the 
sound field generated by unsteady flow in the 
presence of solid surfaces. This expression will 
show formally how solid surfaces may give rise to 
sound sources more powerful than the quadrupoles 
equivalent to the flow in the absence of surfaces. 
Whether this possibility is realized in any particular 
case or not cannot be shown from the integral 
expression alone, for this constitutes no more than 
an integral equation for the sound field. The integral 
equation---or the original Lighthill differential 
equat ion--must  be solved subject to the boundary 
conditions on the surfaces before we can get the 
correct conclusions about the effect of the surface 
on the sound radiated by the interaction of a nearby 
turbulent flow with the surface. The solutions for a 
few special cases are enough to enable quite gen- 
eral conclusions to be drawn, as we shall see in 
Section 7. 

The surface S of a body in the fluid may be 
defined by an equation 

S(x, t) = O, 
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where we can choose the function S so that 

S(x, t) > 0 

in the fluid outside the surface, while 

S(x, t) < 0 

within the surface. If v is the surface velocity, then 
dS(x,  t ) = 0 ,  provided we move with the surface, 
i.e. provided changes dx and dt are related through 
the surface velocity, dx = vdt. Hence, 

aS+ aS _ 
~-  v,-~-x~ - O .  (6.1) 

We now derive generalized mass and momentum 
conservation equations which account for the pres- 
ence of the surface. What we are interested in is the 
density field, or more strictly, the density f luctua- 
tion in the region occupied by fluid. If, therefore, 
we form equations not for p, but for the generalized 
function 

(p - po)H(S),  

these equations will hold over all space, but will 
give us just the quantities we need where S > 0, and 
reduce to trivial identities inside the surface, where 
S < 0 .  

Take the continuity equation 

~t (p -- po) + a~-~, pU, =0,  

multiply by H ( S )  and complete derivatives to get 

3 
-~t [(p - po)H(S)] + ~ [pu,H(S)] 

OH 3H 
= ( p  - po) Ti-  + pu, ax--. 

aS aS = (p -- po)6(S) ~ + pu,8(S) 

aS aS 
=(po-p )~ (S )v , -~x  +PU,8(S)~x ~ by (6.1). 

Thus, 

and 

a [ ( p  - po)H(S)] + a [pu,H(S)] = Q s ( S )  ax~ 
(6.2) 

aS Q ={pov,+p(Ui--V,)}-~X ~ . (6.3) 

Doing the same with the momentum equation 

a +O---(pu~u~ + p , )  = 0 -ff pu~ axj 

gives 

a +_Co  
0-7 [putH(S)] 3xs [(pu,uj + p,j)H(S)] = F~8 (S),  

(6.4) 

where 

F~ = [p,~ + pu,(uj - vj)] ~3~_S. (6.5) ax~ 

Now, we form Lighthill's wave equation by 
eliminating the pusH(S) term between eqns (6.2) 
and (6.4) to get 

(~t" - a~V2) [(p - p°)H ( S ) ] 

= 0 z [~ ,H(S ) ]__~x[F ,  f i (S )]+_~[Q3(S)]  ' 
3X~aX~ 

(6.6) 
where T, = pu,u, + p,j - a~(p - po)&j as usual. 

Inside the surface, S < 0 and eqn. (6.6) is just a 
trivial identity. Outside the surface, S > 0 and eqn. 
(6.6) is Lighthill's equation. However, eqn. (6.6) 
also contains sources concentrated on the surface 
S = 0. The monopole strength per unit area consists 
of the rate p(u~-  v~)OS/ax, at which mass passes 
through the surface, if this is possible, plus a 
contribution pov~3S/Ox~ representing the rate at 
which the surface displaces fluid mass. po appears 
here, rather than the local density p at the surface, 
showing that it is the displaced mass in the distant 
field which generates sound. The dipole strength F~ 
per unit area consists of the stress p~sOS/Oxj exerted 
by the surface on the fluid, plus a Reynolds stress 
pu~(ui - v~)OS/Oxj arising from the transfer of fluid 
momentum across the surface. 

In many applications, the surface S is imperme- 
able, and the normal components of u, v on S must 
be equal. The last terms of eqns. (6.3) and (6.5) 
then drop out; for the direction cosines n, of the 
outward normal (into the fluid) to S are n~ = 
(OS/Ox,)/IVS[, so that 

aS 
p ( u ,  - v,) o--~, = plVSln,(u,  - v,) = O, 

- v j ) ~  = pu~ [VS[nj(u~ - v~) = 0 pui ( uj 

and only the displaced mass term survives in Q, 
only the surface stress in F,. 

We can write down the general solution to eqn. 
(6.6) in terms of a Green's function. The advantage 
of having the generalized form (6.6) is that it holds 
over all space, .and the properties of convolution 
integrals apply. Divergences can be taken outside 
integrals at will, any discontinuities which would 
have arisen in an equation valid only outside the 
surface being automatically taken care of here. 
Thus, from the monopole term, we get a field 

1 8 f,, [QS(S)J(y, r) p - po = 4¢ra~x 3t 

as x ~ .  For any fixed r, the points y*(r), say, lie 
on the surface S, and we can relate the volume 
integral of 8(S) to one over the surface S, 

= L o , , , , , ,  * i-~-~-g, ;il Y 
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aS ( y ,  

- IVS(y*, z)l dy* 
from (6.3) 

= f s  P ° v " ( Y * ' Z ) 6 ( t - l " - i x - a Y * i ) d Y * "  

Here, v, = vmJ is the normal surface velocity into 
the fluid. If, further, the surface is at rest apart from 
small amplitude vibrations, the actual position y*(r) 
of the surface may be replaced by its mean posi- 
tion, which is independent of ~'. We write the 
coordinates of the mean position simply as y, noting 
that in the monopole term, an integration dy then 
represents an integral over the mean position of the 
surface. If the 8-function is then integrated over ~, 
we get 

_ 1 0 

(6.7) 

This just states that, in these circumstances, the 
monopole term in eqn. (6.6) gives rise to a field in 
which the monopole strength per unit area is simply 
the rate at which fluid mass flows outward across 
the surface. 

Suppose that the surface behaviour is dictated by 
a turbulent flow with length and velocity scales l, u 
as before. Then, if m = u/ao'~ 1, the surface oscil- 
lations will have a typical frequency u/l, the same 
as that of the turbulence and the sound field. 
However, it may not be possible to neglect the 
retarded-time variations in eqn. (6.7) on the ground 
simply that m ,~ 1. For, if the surface has typical 
dimension b, the maximum retarded-time differ- 
ence in eqn. (6.7) is of order b/ao. If this is small 
compared with l[u, i.e. if mb/ l  ,~ 1 or b "~ lm -~, 
retarded-time differences are negligible, and we 
have 

10[, p - p0 = ~--~- ~ - p0v,(y, t - x / a o ) d y  

in which the integral represents the total instantane- 
ous rate of mass outflow created by the surface. 
Estimating v, to be of order u gives 

I k l b 2 2  
p - p o - -  pO~x}~T} m ,  (6.8) 

since a/at ~ u/l, dy  ~ b 2. Apart from the geometri- 
cal factor relating surface size to eddy size, this is 
the field of a compact monopole as obtained before 
in (2.11). To get it, we require compactness of the 
eddy flow--which means m ,~ 1, compactness of 
the surface itself relative to the wavelength Ira-', 
and a non-zero integral of v, over the surface. 

If any of these assumptions are violated, the 
result does not hold. For example, if the turbulent 
flow is compact, but b ,> lm -', so that the surface is 
not compact, the retarded-time variations over the 
surface are not negligible. Contributions to the 
integral may add constructively or destructively 

depending on the circumstances, and we can make 
no general prediction. However, eqn. (6.8) does 
show the possibility that a surface, vibrating with 
small amplitude oscillations driven by a turbulent 
flow, may produce sound fields far in excess of 
those generated by the flow itself. This is particu- 
larly true in underwater applications, where mean 
flow Mach numbers are rarely greater than 10 -2 and 
fluctuation Mach numbers m unlikely to exceed 
10 -~, 

The dipole term in eqn. (6.6) can be treated in 
exactly the same way. If the surface is either at 
rest, or oscillating with small amplitude about some 
mean position, the analogue of eqn. (6.7) is 

- 1  a ]x--yl)  
p - po = ~ Ox---~ fs p , , ( y , t -  u p /  n, Ol) dy. 

(6.9) 

This is the field generated by a distribution of 
dipoles over the surface S, the dipole strength per 
unit area being p~nj--which is just the force per 
unit area which the surface exerts on the fluid. 
Again, if the flow and the surface are both compact 
relative to the acoustic wavelength Ira-', i.e. if 
m <{ 1 and b <{ Ira-', retarded-time differences are 
negligible, and 

1 0 
P - p o  = - ~  Ox----~P,(t - x / a o ) ,  (6.10) 

and 

t"  
P~(t - x /ao) = Js P~(Y' t - x /ao)nj(y) dy  

is the total instantaneous force exerted on the fluid 
by the surface. Retaining only the pressure part of 
p~j and estimating p - O o u  2, we get, from eqn. 
( 6 . 1 0 ) ,  

l b 2 m 

which is the field of a compact dipole, apart from 
the factor (b/ l )  2. 

The expressions (6.10) and (6.11) summarize the 
theory of rigid surface effects due to Curle. aS~ With 
m "~ 1, b ~ lm-'  and a non-zero total force on the 
surface, the surface is equivalent to a single dipole, 
producing an intensity greater than that from a 
single turbulent eddy by a factor of order m-5. This 
explains the noise generated by telegraph wires in 
the wind, the force exerted on the wires being 
predominantly a fluctuating lift. The theory is also 
applied to propellor noise (Lowson~r~), the force on 
a blade then consisting mainly of a thrust. If the 
fluctuating thrust on a blade can be measured or 
predicted, eqn. (6.10) gives the radiated field if all 
the assumptions hold. Note, however, that Curie's 
theory does not cover the case of a body in 
translational motion. Ffowcs Williams and Hawk- 
ings °°) have recently given an extensive generaliza- 
tion of the theory to cover the case of the sound 
field generated by turbulence and solid bodies in 
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arbitrary motion (including accelerated motion). 
This theory is, however, a purely formal one and 
may need very careful interpretation in many cir- 
cumstances if erroneous or ambiguous results are 
to be avoided. 

The validity of eqn. (6.11) in the appropriate 
situation will be confirmed later in a particular case. 
When the surface is non-compact, no general result 
can be drawn frbm the formal solution to eqn. (6.6) 
alone. We shall later examine two particular types 
of surface, with one of which the individual dipoles 
tend to cancel each other, leaving a much weaker 
field than eqn. (6.11), while with the other, the 
dipoles tend to add constructively to produce a 
more intense field than eqn. (6.11). 

It should be emphasized that any solution of 
Curie's type, e.g. (6.9), (6.10), is not in fact a 
solution of the flow/surface noise problem in the 
sense of Lighthill's theory. In the absence of sur- 
faces, a knowledge of T~j enables the sound field to 
be predicted. Curie's theory requires not only a 
knowledge of T~j, but also the surface values of p~j. 
A deductive theory of surface effects should not 
require such a specification of two quantities, but 
should enable the surface values of pressure, velo- 
city, etc., to be calculated if only T~j is given, 
together with whatever boundary conditions are 
appropriate on the surface. The next section deals 
with surface effects from this viewpoint, though it 
is rarely necessary to solve for the surface pres- 
sure, say, and then evaluate the integral (6.9). A 
more direct solution of Lighthill's equation subject 
to boundary conditions is usually possible. 

7. DIFFRACTION THEORY IN FLOW NOISE 

In this section, we calculate in detail the fields 
radiated by quadrupole sources in the presence of 
various solid surfaces. According to Lighthill's 
theory, an unsteady flow is acoustically equivalent 
to a certain quadrupole distribution radiating into a 
uniform acoustic medium, and we can calculate the 
field radiated by a point quadrupole and then integ- 
rate over the whole flow region to get the total field. 
For our purposes here, it is unnecessary to do the 
integration, as we shall be interested in a comparison 
of the fields radiated by the flow with and without the 
presence of surfaces and we can make that compari- 
son for a single point quadrupole. 

The quadrupole lies in an equivalent linear acous- 
tic medium, so that away from the quadrupole, the 
flow is irrotational with 

u =  V4,. 

The linearized momentum equation shows that the 
pressure perturbation is 

a4, P=-po~-{ and p=p/a  2. 

The potential ~b satisfies the homogeneous wave 
equation 1-124, = 0 except at the position of the 

quadrupole. We can also assume a time factor 
exp (- i tot )  for the whole field, by taking Fourier 
transforms in time. Then, 

p =poito4,, p = ~ ° 4 , ,  u=V4,  (7.1) 

and (V2+ k02)~b = 0 away from the quadrupole. 
It is also sufficient to work out the field scattered 

by a monopole source or simple source, since the 
fields of multipoles of any order can be derived 
from this by differentiation on the source position. 
For, if 4, (xly) is the potential at x due to a source of 
monopole type at y, the potential at x due to a 
dipole at y is given by 

4, (xlY) - 4, (xly + A) = - A,-~y~ 4, (xly) + O(A-~), 

where A is the separation between the opposing 
sources. Apart from a factor which gives the dipole 
strength, if 4, (xly) is the field at x of a monopole at 
y, then (a4,/dy~)(x[y) is the field at x of a dipole at y 
with axis in the /-direction. 

We have now reduced the problem to that of 
finding the field radiated by a point monopole in the 
presence of the surface. Further simplification is 
possible sometimes with the aid of the Reciprocal 
Theorem. This states that, under reasonably general 
conditions, the field at x~ due to a source at x~. is the 
same as the field at x2 due to the same monopole 
source at x~, i.e. that 

4, (x,lx:) = 4, (x:[x,). (7.2) 
To prove this, write as before 4,(xlx,) for the 
potential at x due to a monopole at x,. 4,(xlx,) 
satisfies the equation 

(V = + k0~)4,(xlx,) = A~(x - x,), (7.3) 

where A is a constant depending on the source 
strength. Likewise, 

(V 2 + k~)4,(xlx:) = AS(x - x.,). (7.4) 

Multiply (7.3) by 4,(xlx2), (7.4) by 4,(xIx0 and sub- 
tract to get 

4, (xlx2)V24, (xlx,) - 4, (xlx,)V % (xlx2) 
= A4, (xlx,)8 (x - x,) - A4, (xlxt)8 (x - x2). 

Integrate this equation over the whole volume V 
occupied by the fluid, using Green's theorem 

where n is the unit outward normal to the surface S 
which contains V. Then, 

f [4,(xlx ) ,(xlx,)- 4,(xlx,) 4,(xlx:)] as 
= A4,(x,lx2) - A4, (x.,lx,), 

and (7.2) follows if the surface integral vanishes. It 
can be shown that the integral over any large 
surface vanishes in the limit of infinite radius 
provided the 4' represent outgoing waves, and we 



Basic Principles of Aerodynamic Noise Generation 57 

are left only with the integral over the surface of 
any bodies present  in the fluid. That  integral cer- 
tainly vanishes if we have a simple " impedance  
condi t ion" ,  

a4' +/3 ~ = 0 on S, (7.5) 

where a, /3 may depend on f requency to and on 
posit ion in the surface. Condi t ion (7.5) includes 
both the rigid surface case, 04'/On = 0 on S, and the 
pressure-release case, 4, = 0 on S. More generally, 
it includes all surfaces whose response involves a 
purely local proport ionali ty be tween the pressure 
(4,) and the velocity (Od~/c~n) at every point of the 
surface. Although not proven above, the reciprocal 
theorem applies also in more general cir- 
cumstances ;  in particular,  it holds for the case, 
treated below, in which S is formed by a 
homogeneous  infinite elastic plate. 

We shall use the theorem in the following way: 
we are interested in the distant field, JxJ ~ 0% due to 
a monopole  in the presence of a surface S. The field 
of a monopole is awkward to handle,  however,  
because it contains all the spatial Fourier  compo- 
nents  necessary to get the 8-funct ion singularity at 
the point  y, and to get the spherical nature of the 
emitted waves. The theorem allows us to inter- 
change source and observer,  so that we can calcu- 
late the field at y due to a monopole source at a 
great distance x. The " incident  field" of the source 
then has a very simple form, for the waves reaching 
y from a distant source at x are essentially plane 
waves,  containing only a single Fourier  component .  
Analytical ly,  with a suitable choice of the 
monopole strength, we may take the " incident  
field" (i.e. the field in the absence of the surface) as 

4,(yJx) exp ikoJy- x[ {exp ikox\ = lY - xl - ~ ]  exp ( -  ikoyr). 
(7.6) 

for any finite y, as Ix[ ---' oo. yr is the coordinate in the 
direction x, yr = y ' ~ .  Equat ion (7.6) gives the 
incident  field at y due to a source at a distant point  
x; x -~ exp (ikox) is a cons tant  factor as far as y is 
concerned,  and the incident  field takes the form of a 
plane wave 

exp [ -  iko(y, + a0t)] 

3) 

FIG. 8. Reflection of the plane waves from a distant source 
at x by a homogeneous infinite plate. 

The monopole at y is replaced by a monopole  at 
x ~ ~, and we have to calculate the field at y due to 
an incident  field given by (7.6). We write the total 
field as 4' + 4'0, 4' being called the scattered poten- 
tial. 4' must  represent  waves which travel outward 
as lYl '-" ~o. We can anticipate that an incident plane 
wave will be merely reflected by the surface, so that 
4' will have the form 

4'(y) = K .  ~--~---} exp [ -  ikoy, cos 0 + ik0y3 sin 0], 

where R ,  is a reflection coefficient to be found.  The 
variation exp [ -  ikoy~ cos 0] in the horizontal  direc- 
t ion must  be the same in both incident and reflected 
waves;  if the wave is reflected at the angle of 
incidence,  we have to change exp [ -  ik0y3 sin 0] to 
exp [+ ikoy3 sin 0] in the reflected wave. It is then 
easy to see that the reflected wave travels outwards 
either for fixed y~ as y3 ~ + oo or fixed y3 as y~ ---, - ~. 
We could assume, more generally, a dependence  of 
the reflected wave on e x p [ - i k 0 y t c o s  0 ' +  
ik0y3 sin 0'],  but  then condit ions on y3 = 0 would 
require 0 ' =  0. More generally still, we need not 
assume a reflected wave of this type at all, but  can 
prove its existence from the equations.  It is simp- 
lest, however,  to assume what  physical ideas sug- 
gest and just  confirm that all equat ions are satisfied, 
relying on a uniqueness  theorem to prove that we 
have the only solution. 

The total potential  is thus 

travelling in the - y ,  direction towards y from x. 
The analysis  for a plane incident  wave is very much 
simpler than that for the full monopole field. 

We apply these ideas first to the case in which the 
surface concerned  is an infinite plane flexible 
homogeneous  surface formed by a thin elastic 
plate. Let the plate lie in the (1,2) plane. Then,  by 
suitable orientat ion of the axes, we may take 

i = (cos 0, 0, sin 0), 
y, = y . i  = y~ cos 0 + y3 sin 0. 

4' + 4"0 = --e ~ox e -~ko,,co, e [ e -Jko,,,i,e + R_. • e 'ko',"°~j. 
X 

Now, if r/(x, t) is the plate displacement  in the + 3  
direction, the equat ion of motion of the plate is 

m a2 BV~,.2))rl(y,t)=-p(y,t), 
Ti~ + 

where m is the plate mass per uni t  area, B the 
bending stiffness, and p(y, t) the pressure drop 
across the plate. With a vacuum below the plate, we 
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can write this equation in terms of the potentials 4~, 
t~0 as  

BW4 - rata2) y~v3 -,.-~, (~ + d~o)(y., y.,, y3 = O) 

= - p0oJ2(0 + ~0)(y,, y:, y~ = 0). 

Inserting the assumed form for d~ + d~0, we find 
[ ( Bk *o cos' O - mto2) + icopoao cosec O0 ] 

R .  = L(Bk~ cos 4 0 - rata:) - icopoao cosec " 
(7.7) 

Thus, we have found the field scattered to a point 
y due to a source at a great distance x. By the 
reciprocal theorem, 

R ,  T exp [ -  ikoy~ cos 0 + ikoy~ sin O] 

regarded as a function of x, is the field scattered to a 
distant point x due to a source at y. The incident 
field, i.e. the field in the absence of the surface, at a 
distant point x due to the source at y, is just 

[ - ~ ]  exp [-ik0y~ cos O-ikoy3s in  0]. 

Since R .  is of the form (a + ib)/(a - ib), IR.I = l 
and the amplitudes of incident and scattered fields 
are equal for all directions 0 of radiation. 

We obtain the case of an effectively rigid surface 
if 

IBk~ cos 4 0 - mto :1 ~> Itop0a0 cosec 0 J. (7.8) 

Then R .  = + 1, and the phase difference between 
incident and scattered fields is 

-2koy3 sin 0. 

If this phase difference is small, the amplitude of 
the total field everywhere above the plane is twice 
that of the field without the plane, and the intensity 
goes up by a factor of 4. However, the radiation 
takes place only in the half-space y~ > 0, so that the 
total power radiated by the source is just doubled 
by the presence of the plane. If the phase difference 
is not small, the total intensity is equal to the sum of 
the intensities of the incident and scattered fields 
and the total power radiated by the source is equal 
to that radiated in the absence of the plane. Thus, 
for a nearly rigid surface, the source can never more 
than double its power output because of the pres- 
ence of the plane, and this is true always, since a 
violation of equation (7.8) involves only a change in 
the relative phases of the incident and scattered 
fields. 

Note that the condition for the surface to be 
effectively rigid, (7.8), depends strongly on angle 0. 
For most directions of radiation, equation (7.8) may 
be satisfied in many practical cases, but, however 
large B, m, (7.8) cannot be satisfied if 0 is small 
enough. For all directions sufficiently close to the 
surface, R ,  = -  1 and the surface is effectively a 
limp or pressure-release surface (Crighton~3"). 

It is clear that the same arguments apply to any 

homogeneous surface described by a linear diffe- 
rential relation; the only changes involve replace- 
ment of (Bkg cos 4 0 - rata 2) by its appropriate coun- 
terpart. Also, that the arguments apply if the 
monopole is replaced by a dipole. For example, the 
dipole which, in the absence of the surface, gener- 
ates a field 

O (e~%x~)exp[-ikoy~cosO-ikoy~sinO ] 8y,.3~ 

will generate a scattered field equal to 

3 ( e ~ x ~ ) R . e x p [ - i k o y ,  cos O+ikoy~sinO ] 8y11.3~ 

The alayK operation gives a scattered field in phase 
with the incident field, provided R ,  = + 1, whereas 
the fields are ~r out of phase for the dipoles got by 
taking 8/8y3. This is clear from image arguments. 
The total power developed by the dipole can again 
never exceed twice the power radiated in the 
absence of the plane, and the same applies to the 
power developed by multipoles of any order. 

This "reflection principle" was first shown by 
Powell, ~2~ and Ffowcs Williams? "~ It appears to be 
at variance with the predictions of the previous 
section--that a flexible surface excited by turbulent 
flow will radiate much more efficiently than the 
turbulence alone. Dipole radiation resulting from 
the fluctuating pressures on the surface should 
increase the power output by O(m-2), monopole 
radiation from the fluctuating surface displace- 
ments by O(m-'). Those arguments rely, however, 
on compactness of the surface relative to the 
wavelength, and if the surface is not compact, the 
contributions of individual dipoles and monopoles 
could either add constructively or destructively. 
The case of an infinite plane surface is one in which 
there is destructive interference. If the surface 
pressures and velocities are calculated when a 
quadrupole provides the excitation, and the inte- 
grals (6.7) and (6.9) are evaluated exactly without 
neglect of retarded-time differences, it is found that 
the crude estimates (6.8) and (6.11) acquire factors 
O(m 2) and O(m), respectively. Thus, there are 
surface dipoles and monopoles whose local 
strengths are large, but which integrate at retarded 
time to smaller values than would appear for a 
compact surface. The fields of quadrupoles, dipoles 
and monopoles all have the m 4 variation which 
characterizes quadrupoles, and there is no signifi- 
cant increase in the radiated energy. 

The main application of this result is to the noise 
of a turbulent boundary layer on a large surface. 
Large, here, need not be taken too literally; all that 
is required is that the surface should be several 
wavelengths in length. At one time, it was thought 
that "aerodynamic surface sound", resulting from 
the interaction of the flow with the surface, was the 
dominant source of noise. The reflection principle 
shows that this is not so, at any rate, as far as the 
surface pressure dipoles and displacement 
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monopoles are concerned. The flow does, however, 
exert tangential stresses on the surface, and so 
gives rise to friction dipoles. In most cases, the 
radiation field from these dipoles is still negligible, 
since the fluctuating shear stresses on the boundary 
are small (about 1/40) compared with the fluctuating 
pressures. Consequently, the sound sources over 
and above those in the turbulence itself must be 
associated with the differences between the ideal 
infinite plane homogeneous surface and the sur- 
faces on which boundary layers are formed in 
practice. For example, most surfaces are in- 
homogeneous in that they are supported by ribs and 
struts. Such ribs and struts act as genuine dipole 
sources (Ffowcs Williams ~3')) and can greatly in- 
crease the power radiated by the flow. In a typical 
underwater application, a single point support on an 
otherwise infinite flexible homogeneous plate can 
radiate as much sound as 10 square metres area of 
flow over an unsupported surface. Surfaces are also 
often composed of panels with different mechanical 
properties, each panel in itself being homogeneous. 
The case of two semi-infinite plates, joined along a 
line, with different specific masses and bending 
stiffnesses and excited by a turbulent boundary 
layer has also been discussed (Crighton~3~)). The 
discontinuity in mechanical properties gives rise 
here to monopole and dipole sources. In aeronauti- 
cal applications, it is found that the monopoles 
dominate with a density field proportional to m 2, 
while in underwater flows, only the dipoles give an 
appreciable field, with density proportional to m 3. 
The fact that, in the latter case, the monopoles give 
a weaker field than the dipoles serves as another 
warning that there is no value in making crude 
estimates based on multipole order if source field 
and  surface are not both  compact relative to the 
wavelength. The near cancellation, which is an 
essential part of multipole structure, need not occur 
at all if the surface is not compact, and there is no 
sense in regarding surface sources as particular 
multipoles. 

We look next at an example which confirms the 
Curie-type theory of Section 6 in the relevant case. 
Suppose we have a three-dimensional monopole in 
the presence of an infinite rigid circular cylinder of 
radius a. To get the distant field of the source, it is 
sufficient to take an incident plane wave 

Here, we have taken (1,2) coordinates in the plane 
normal to the axis of the cylinder, the 3 coordinate 
along the axis, so that 

i = (cos 0 cos O, cos 0 sin 0, sin 0), 

0 is the complement of the angle between i and the 
3-axis, and 0 is the angle which the projection of i 
on the (1,2) plane makes with the 1-axis. Also, we 

write k = ko cos qJ for component of the wavevec- 
tar k0i normal to the axis of the cylinder. 

3 

Half -plane / ~  
.o,..o ///.,.....° 

2 ~ . ~ , ~  observer ._y 
e,; y 

Xt =X cosqJcosO 1 

FIG. 9. Configuration for scattering by a cylinder and by a 
half-plane. 

Then, if 4' is the scattered potential, regarded as 
a function of y at the moment, we need a solution of 

(V~ + k2)6 = 0 

representing outgoing waves and satisfying 

-~y (4 '+  = 0  on Y = a ,  4,0) 

where Y = ~ / ( y ~ + y ] )  is distance normal to the 
axis. 4, must have the same dependence on y3 as 4,0 
so that we can write 

4, (y,, y2, y3) = 4,(Y,, Y2)e -~°'''~"* 

and then 4,(y,, ys) satisfies a Helmholtz equation 

ks/4,(y,, y2) = 0 

at the reduced wavenumber k = kocos ~o. We 
therefore get down to a two-dimensional problem 
with an incident field 

, 0  ~ e-Ik(YlC°SS+ylsin8) 

and a scattered field satisfying 
(7.9) 2 as 

0 ~-~(4 ,+4 ,0)=0  on Y = a ,  

where we can later restore the common factor 
x -~ exp( ikox  - ikoy3 sin 0) to both 4, and 4,o. 

An exact formal solution to the diffraction prob- 
lem (7.9) can be found by expressing the incident 
field as an infinite series of functions appropriate to 
the wave equation in polar coordinates (Y, 00). 
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Then, if we assume a series expansion for ~b, we can 
determine all the coefficients from the condition on 
Y - a. The expansion converges rapidly for ka ~ 1, 
but  is useless for ka ~> 1. This is no obstacle, 
however, since for reasons to be discussed later, 
the only case of interest arises when ka ~ 1 and 
when k Y  ,~ I. In that case, the wavelength is large 
compared with the radius, and we are only in- 
terested in the field within a wavelength of the 
cylinder. (In the original source problem, this cor- 
responds to placing the source closer than a 
wavelongth or so to the cylinder, which itself is 
small compared with the wavelength, and finding 
the distant scattered field.) The solution to (7.9) can 
then be found simply from incompressible flow 
arguments. For, if Y ~ k -~, the approximate form 
of the incident field is 

d~o = - i k Y  cos(0 - 00) + constant,  

while c~/ay~+ c~"/Oy~>>k", so that (7.9) reduces to 

V"~ = 0, ] .  

aCb=ikcos(O_Oo)  on Y = a  ~Y 

This problem is the same as that of the flow of a 
uniform incompressible stream, with velocity V = 
ik, from the direction 00 = 0, onto the cylinder 
Y = a. The solution is well known,  the total poten- 
tial being 

cb + 4,0 = V ( Y + y ) C O S ( O - O o ) ,  

so that 

ika 2 
= T c ° s ( 0 - 0 ° )  f o r k Y ~ l .  

If we restore all the constants,  and regard 4' now 
as a function of x, we have the field scattered to a 
distant point x, by a monopole at a point y closer 
than a wavelength to the cylinder, in the form 

2 ~ ikox. 

~=- -~ - - - cos (O-O0)  e , (7.10) 

where the variables (Y, 0o, y3) refer to y in cylindri- 
cal coordinates,  and (x, O, 4') to x in spherical 
coordinates,  and k = kQ cos 4'. We need also the 
direct (incident) field of the source, which is 

/ o  ~ x ~  ~kox~ 
4>o = e-'kr¢°'~e-°V-'k°""i°'~.-~'--). (7.1 1) 

In the aerodynamic noise problem, we are in- 
terested in a quadrupole at y. Take, for example, a 
quadrupole with both axes in the radial Y- 
direction. In the absence of the cylinder, it pro- 
duces a field at x equal to 

°~2¢~°= _ k  "- cOS2 ( O _ Oo) e-'kr'o"°-'o'-'ko,,'i"¢~( ~.--~ ) ay2 

while with the cylinder present,  it produces an 
additional scattered field equal to 

ikox. 

w - -  ,o - ) 

The ratio of scattered quadrupole amplitude to 
direct quadrupole amplitude is 

tr ~ a:/k Y ~, 
and for low Mach number  turbulence,  the acoustic 
wavenumber  is of order I-~m, where m -- u/ao and I 
is the eddy size. Thus, 

o" ~ m -~la:Y -3, (7.12) 

and since the density field radiated by the same 
turbulent  eddy in the absence of the cylinder is 

p - po m , 

it follows that the scattered field of a turbulent  eddy 
centred on a point y close to the cylinder is 

provided a ,~ Im -~ 
This confirms that when the surface is compact  

relative to the wavelength, the surface is equivalent  
to a dipole distribution with a radiated field propor- 
tional to m ~. The strength of the dipole field de- 
creases fairly rapidly as the distance of the quad- 
rupole from the surface increases. The equivalence 
of the results above with those of Curie can be 
followed in more detail if the exact solution is used, 
This solution gives the field everywhere due to a 
monopole,  or any multipole, at y. In particular, we 
can calculate from it the total ins tantaneous force 
exerted on the cylinder,  and then the field radiated 
by that force. The result agrees with the expres- 
sions (6.10) and (6.11). 

Note that in this example it is not necessary,  
evidently,  that the surface be compact  in all direc- 
tions relative to the wavelength. However,  the lack 
of compactness  in the 3-direction means that not all 
quadrupoles radiate a greatly enhanced field be- 
cause of the presence of the cylinder. For example,  
the fields of a quadrupole with both axes parallel to 
the cylinder are found by applying a"/Oy~ to (7.10) 
and (7.11). Then,  we find that 

ka: ( a : )  

and the factor m here shows that the scattered field 
is actually much less intense than the direct field. 
The scattered field here has density proportional to 
m ~ and thus represents  an octupole field, essentially 
less efficient than the quadrupoles which drive the 
scattered field. 

The case of scattering by a rigid sphere 
(Davies ~36) can also be worked out in the same way, 
for a quadrupole closer than a wavelength to a 
compact  sphere. The only essential difference lies 
in the replacement  of a " / Y  in (7.10) by a3/y 2, for 
the incompressible potential flow past a sphere is 
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described by 

+ ~ 0 = V  y +  c o s ( 0 - 0 0 )  

rather than 
a 2 

for the cylinder (y = lY] denoting the spherical polar 
coordinate, Y the plane polar coordinate). All 
quadrupoles, whatever the directions of their axes, 
then give rise to a dipole scattered field, since the 
sphere is compact in all directions relative to the 
wavelength, and the scattered field radiated by a 
turbulent eddy at y is 

p-po(1)m3(I - -] (a]  '. (7.14) 
\ f l  / \ y  / 

The exact solutions to these problems can, after 
considerable manipulation, be used to examine the 
case koa ~ 1, when the surface has typical dimen- 
sion and radius of curvature both large compared 
with the wavelength. One can show then, as ex- 
pected, that finiteness and curvature of the surface 
are not important, and that locally each element of 
the surface merely reflects the incident quadrupole 
field. If the quadrupole is closer than a wavelength, 
reflection doubles the radiated power, while if the 
quadrupole is many wavelengths away the power 
radiated is the same as if the surface were not there 
at all. Of course, the field at each point is not 
unchanged by the presence of the surface--for 
there is, for example, a "shadow" region behind 
any non-compact surface, this being caused by 
destructive interference between the rapidly oscil- 
lating pressure fields over the surface. The total 
power radiated remains unaltered, being merely 
transferred from one directional pattern to another. 

One case remains to be mentioned, that in which 
the surface is compact, but the quadrupole not 
close to it on the wavelength scale. It is then found 
that the surface scatters a genuine dipole field, as 
expected, but that the scattered power is negligible 
compared with the power in the direct field from 
the quadrupole. Thus the effect of the surface is 
negligible over the whole range of angles (with the 
possible exception of one or two narrow ranges in 
which the direct quadrupole field may be effectively 
zero but the scattered field nonzero). 

These cases in which the scattering surface is 
distant from the quadrupole on the wavelength 
scale illustrate the principle stated on p. 53--that 
the acoustic power delivered by a source is deter- 
mined by conditions within a wavelength (or so) of 
the source. The reason behind the principle in these 
simple cases is as follows. The incident field of, say 
a (1, 1) quadrupole at y has potential proportional to 

02 exp iko[x-y[ 
Ix-yl 

If Ix -  y[ >~ k~ ~, the dominant term is got by applying 

the derivatives to the propagation factor exp ik0[x- 
Yl, rather than to Ix-y[-~, and so all derivatives of 
I x -  yl -I exp ikolx- Yl are of order Ix-y[- '  if I x -y [  
exceeds a wavelength or so. Therefore the power 
radiated across any spherical surface around y has 
reached a constant value once the radius exceeds a 
wavelength. That power is the power which the 
quadrupole would radiate in free space. If a cylin- 
der or any other inhomogeneity (with some qualifi- 
cation) is now placed several wavelengths from the 
quadrupole, the power available is already pre- 
determined, and the cylinder can only redistribute 
the power in different directions. On the other 
hand, if the cylinder lies closer than a wavelength to 
the quadrupole, the power radiated must be influ- 
enced by the cylinder. If the cylinder is compact, a 
very much larger dipole field is then radiated, while 
if the cylinder is not compact, the radiated power is 
doubled. The increase in energy comes from the 
near field of the quadrupole, that region of dimen- 
sion about a wavelength surrounding the quad- 
rupole, in which the derivatives of Ix-yl-~ domi- 
nate those of exp iko ]x-  y[. Within this near field, 
the propagation factor exp iko I x -  yl is constant and 
the motion essentially incompressible. The local 
energy levels are high, relative to the energy which 
propagates as sound in the absence of surfaces, so 
that bringing a surface into the near field of a 
quadrupole can release some of the intense incom- 
pressible flow energy into radiated sound. 

Next, we consider the scattering properties of a 
semi-infinite rigid plate, lying in 

- : c <  y~ G0, y,. = 0 , - ~ <  y3< +~  (see Fig. 9). 

We want the potential at a distant point x due to a 
monopole at y, or by the reciprocal theorem, the 
potential at y due to a monopole at a distant point x. 
Then, the incident field is 

: e - i k o  y, 

and, as in the case of the circular cylinder, we can 
specify the direction of x by polar angles 0, ~ so 
that 

= (cos ~ cos 0, cos ~ sin 0, sin ~). 

The vector y is conveniently expressed in terms of 
cylindrical coordinates (Y, 00, y3) so that 

y~=Ycos00 ,  
y2 = Y sin 00, 

and 

y, = y.~ = cos ~(y~ cos 0 + y2 sin 0)+ y3 sin ~. 

If the total field is written as 4~ + 4~0, we need a 
solution of (V~+ ko2)~ = 0  representing outgoing 
waves at infinity and satisfying 0/ay2(4~ + ~0) = 0 on 
the semi-infinite plate. The dependence of ~0 on y3 
is through the factor exp(-ik0y~sin tp), and be- 
cause of the form of the boundary conditions, the 
scattered field 4~ must also depend on y3 through 
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this factor only. Thus, 

+(y,, y2, y3) = (q) e-‘k~y~si”b4(y~, Y2) 

and 4(y,, yZ) satisfies the Helmholtz equation 

( y$+-$+k’ 4(y,,yz)=O > 
at the reduced wavenumber k = k. cos t,h. The con- 
dition on the plate is now 

Y& [~(YI, ~2) + e -ikly,COIB+Y~dn8)] = 0 

on y2=0, -m<y,<O. 
For the reasons discussed earlier, we shall only 

be interested in the field generated within a 
wavelength of the plate edge-corresponding in the 
original problem to placing the monopole source 
within a wavelength of the edge. For, if the source 
lies close to the plate, but far from the edge, we 
have only the reflection effect which can, at most, 
double the power output of the source, while if the 
source lies many wavelengths from any point on 
the plate, the power radiated is unaffected by the 
presence of the plate. Thus, we need the solution 
only for kY Q 1, where (Y, 0,) are polar coordinates 
in planes normal to the edge of the plate, and then, 
as in the case of the circular cylinder, 

alay, s k, 
the Helmholtz reduces to Laplace’s equation 

and the condition on the plate to 

a(4 +401 
ah 

=0 on y2=0, y,<O. 

These conditions do not determine 4 + & uniquely, 
but the general form can be found by separation of 
variables in polar coordinates. Solutions of La- 
place’s equation are 

Y” cos a&i, Y” sin a&, Y-” cos a&, Y-” sin a&, 
In Y, 80, 

for any a, and in order to satisfy the boundary 
condition on & = +-rr, we need 

X$ + +, = $ A,Y”+“’ sin (n + $)L%, 
I 

+ 2 B. Y” cos n&, 
I 

other functions giving an inadmissible pressure 
singularity at the plate edge. 

Now, the potential (4 + &)(y,, ye) is dimension- 
less, and in the problem stated in full above, 
there is only one length scale involved and that is 
k-‘. Note that ko and $ do not occur there sepa- 
rately, but only in the combination k = k. cos +. 

Consequently, we must have 
I 

4 +&= 2 A.(e)(kY)“““sin(n +f)&+C B.(B) 
0 

x (kY)” cos nf& 

where the coefficients are now dimensionless and 
can depend only on the angle 0 of the incident 
plane wave. Further, only the first term of the series 
should be retained, since higher-order terms have 
already been neglected in approximating the Helm- 
holtz equations and boundary conditions. There- 
fore, the first approximation to the scattered field 
within a wavelength of the edge is 

4 = Ao(e)(cos Jl)“‘(kaY)“’ sin &/2, 
for the variable part of 4” is O(koY), so that the larger 
term O(k,Y)“‘must then represent the scattered field 
alone. 

Restoring neglected factors and using the recip- 
rocal theorem, we then have the following expres- 
sion for the scattered field at a distant field point x 
due to a monopole closer than a wavelength to the 
plate edge: 

4 = (T) e-“o’1Sin’AO(i9) (cos Jl)“2(kOY)“2 sin f&/2. 

(7.15) 

Note that this simple argument, relying on dimen- 
sional analysis and incompressible flow results pre- 
dicts the dependence of I$ upon x, I(I, ko, Y, y, and & 
completely, and only fails to give the dependence 
of 4 on the 0 variable. The scattered fields of 
(Y, Y), (Y, 0,) and (&, 0,) quadrupoles are found by 
applying the operators a*/aY’, l/Y~‘/~Y~& and 
l/Y* a’/M~; the amplitudes of these scattered fields 
are all of order 

k”‘Y-“‘. 0 

In contrast, by differentiating the incident 
monopole field 

the amplitudes of the direct fields of these quad- 
rupoles are all of order ki. Consequently, the ratio 
of scattered amplitude to incident amplitude for 
these quadrupoles-which have both axes in 
planes normal to the plate edge-is 

u - (ko Y)-“‘. (7.16) 

We have assumed Y to be less than a wavelength 
and, therefore, cr is large. In the aerodynamic noise 
problem, we have ko = ml-‘, and then the scattered 
field radiated to x by a turbulent eddy centred at y is 
given by 

P-PO f 0 
nI4u = PO (i) frIJj2 ($)Y (7.17) 

This expression is the principal result of Ffowcs 
Williams and Ha11.‘37’ The variation with m is not 
that of any equivalent compact multipole in three 
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dimensions, and the field is stronger than would be 
predicted by any simple application of Curie's 
dipole formula. The fields of individual dipoles on 
the surface add constructively here, instead of 
destructively as in the case of an infinite plane 
surface. The power output of eddies near the edge 
is increased over the free-field value by a factor 
m-3, 60 dB at least in underwater flow noise• 

Another point of interest concerns the directional 
distribution of the scattered field, which is specified 
by the function A(O) (cos ~b) "2 appearing in (7.15) 
(recall that 0, 0 refer there to the observer at the 
distant point x). The functional form of A(O) can 
apparently be found only from the exact solution 
(37), which shows that 

A(O)= sin 0/2. 

Thus the essentials of the field are contained in 

p - Oo m "sin ~ (cos (7.18) 

in which the directional factors make it plain that 
the half-plane is not equivalent to any compact 
multipole (which would only permit 0 to have the 
cos mO or sin mO type of variation). The sin 0/2 
factor is especially important, showing the peak 
scattered field to occur when 0 = ± rr, on the half- 
plane itself, with zero scattered field on the exten- 
sion 0 = 0 of the half-plane, regardless of  details of  
the excitation. This is again a reflection of the fact 
that the scattered field is as much a function of the 
non-compact surface as of the source. Similar 
strikingly definite effects occur in other scattering 
problems, and should provide a good starting point 
for experimental confirmation of the theory. No 
experimental data on edge-scattering appear to 
have been published yet on which the validity of 
(7.18) might be confirmed. It is, however, very easy 
to check the directivity of (7.18) in a qualitative 
manner on the shallow-water table (cf. Section 10). 

As in the case of the circular cylinder, not all 
quadrupoles scatter a greatly enhanced field be- 
cause of the presence of the surface, even if they 
are close to the edge. The amplification factor cr for 
quadrupoles with one axis in a plane normal to the 
plate edge and the other parallel to the edge is 

tr ~ (koY) -'l: 

resulting in 

( 1 ~,2 p ~ p o ( 1 )  m 'n (~/ , 

so that the field is still enhanced, but only weakly, 
while for a quadrupole with both axes parallel to the 
plate edge, 

o- ~ (k0Y) In, 

p ~ po m 9n _ . 

In this case, the scattered field is less strong than 

the direct field, and actually decreases as the quad- 
rupole moves closer to the edge. 

It can be shown (Crighton and Leppington (38~) 
that these effects still occur if the plate is not 
infinitely thin and sharp. If the plate has thickness 
small compared with the wavelength, and if the 
edge is rounded off on a scale small compared with 
the wavelength, the results are essentially the same 
in that the dependence of p upon m is unchanged. 
The detailed geometry of the edge merely changes 
the dependence of (7.17), for example, upon the 
quadrupole position Y. 

The simple arguments used to obtain (7.15) can 
also be generalized to get the field scattered from a 
wedge of any angle. Thus, for a right-angled wedge, 
(7.15) holds if (koY cos 0) tn sin 0/2 is replaced by 
(koY cos ~b) 2~3 sin 20/3, for then the normal deriva- 
tive of ~b vanishes on the surfaces of the wedge, 
0 = ± 3~r/4. For quadrupoles with both axes normal 
to the edge of the wedge, we have 

tr - (k0Y) -413 
and 

p ~ p0 m 8t3 

As we might expect, a wedge of zero angle scatters 
the most intense field• Again, this result holds for a 
wedge rounded off on a scale small compared with 
the wavelength. It is not the sharpness which 
produces the large scattered field, but the largeness 
of the surface and the angle at which the surface 
diverges to infinity. Of course, it is not necessary 
for the surface to extend to infinity. For the surface 
shown below in Fig. 10 the scattering from the 
quadrupoles near the edge B is identical with that 
from a wedge of angle a, the influence of conditions 
near A upon the power being negligible, as we have 
already argued repeatedly. 

( Lorge stoic 
g . . . . . . .  r k ~ % ( S  . . . . . .  geometry 
too> offect the dlrq(tlv~ty but del~r't~lm~'~5 ~ l th~-  ll)(/I~°vd/r 

FIG. 10. Acoustic power generated by sources near/3 is 
identical with that scattered by an infinite wedge of angle 

or. 

Interesting results for other scattering geometries 
have also been derived, though only with the aid of 
more powerful analytical methods, notably the 
Wiener-Hopf technique. For example, the rigid 
half-plane may be replaced by one capable of 
response to the surface pressure field. In the simp- 
lest case, the surface is "locally reacting", having 
mass but negligible stiffness, so that the surface 
pressure at any point is just balanced by mass x 
acceleration. If, further, the surface mass is small 
compared with the fluid mass (in an appropriate 
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dimensional sense) one finds (Crighton and Lepping- 
ton ~39~) that the analogue of (7.17) is 

()' ( ' O~po x m ~ s inOcos4 '  

(7.19) 

where mp is the plate mass per unit area. The 
factors m 3 sin 0 cos 4' make it tempting to interpret 
this as the field of a dipole at the plate edge with 
axis normal to the plate, though we emphasize 
again that there is no virtue in such an interpreta- 
tion. The net instantaneous force on the plate is not 
localized at the plate edge, and even if it were there 
is no reason at all to associate the radiation from a 
non-compact surface with the net instantaneous 
force on it. It is clear, however, that a sufficiently 
"limp" surface scatters a much weaker field than 
the rigid one, that the directivity is also noticeably 
different, and that again, there is only significant 
scattered power at all if the eddy quadrupole lies 
within a wavelength of the edge. 

If the half-plane is formed by a surface of 
"extended reaction"--for example, by an elastic 
plate or membrane which is itself a wave-bearing 
medium--a new possibility is opened up (Crigh- 
ton~°>). Suppose that a quadrupole lies above a 
semi-infinite elastic plate, many plate and acoustic 
wavelengths from the edge. Then the incident field 
of the quadrupole drives a reflected acoustic field 
plus a field associated with propagating elastic 
waves in the platemwith no scattered field arising 
from direct interaction between the quadrupole 
near-field and the distant plate edge. If the plate 
waves are subsonic relative to the fluid wave speed 
ao, and if the quadrupole lies within an acoustic 
wavelength of the plate, then the plate energy 
greatly exceeds the acoustic energy generated di- 
rectly by the quadrupole (see Heckl"n), and it stays 
trapped in the plate, and in a thin fluid layer next to 
the plate for ever in the case of an infinite plate-- 
or until it meets the edge of the semi-infinite plate. 
There it is partially reflected, partially scattered 
into sound. The efficiency of the scattering may not 
be very high, but the incident plate wave power is 
so great (in underwater applications at any rate) 
that the scattered energy may still far exceed the 
acoustic energy originally generated by the quad- 
rupole, even though the quadrupole is very far from 
the edge. Thus we have a long-range coupling, via 
subsonicplate waves, which may enable the acous- 
tic power of even distant eddies to be much more 
than doubled. From this point of view, even a very 
large elastic plate may be far from infinite as far as 
the acoustic power output of unsteady flow over 
the plate goes. And, of course, an edge is not 
necessary to effect the scattering of the plate 
waves; any inhomogeneity such as a rib will do, and 
perhaps even more efficiently than an edge. This 
example shows that care is needed sometimes in 
applying the principle of p. 53. The total wave 
power  of a source is fixed by local conditions, and 

not the acoustic or vibrational power separately, as 
distant conditions can transfer energy from one 
mode to another. 

The interaction between a quadrupole and a 
semi-infinite rigid circular duct has also been ex- 
amined (Leppington"2~). Let a be the duct radius, 0 
the angle which x makes with the duct axis (0 = 0 
on the extension of the duct), and 4' the azimuthal 
angle, with corresponding notation for the position 
y(y, 00, 4'0) of the quadrupole in the original scatter- 
ing problem. Interest is concentrated on the case 
when the quadrupole lies within a wavelength of 
the duct lip. If the scattered field is expressed as a 
series of azimuthal "modes", 

cb(x, O, 4') -- ~ ~b.(x, O)exp in(4' - 4'0), 

it is found that in the low frequency case, koa ~ 1 
(wavelength large compared with duct radius) only 
the axisymmetric (n = 0) and "sinuous" (n =-+ 1) 
modes make an appreciable contribution to the 
far-field sound at x, and for these modes Lepping- 
ton ~":~ shows that 

p - p o ( 1 ) m 3 ( 1 - c o s O ) F o ( y / a )  (7.20) 

and 

p - po(1)m~ sin Oe="*-*o~F=~(y/a) (7.21) 

respectively. The functions F are harmonic (i.e. 
satisfy V:F =0) in y, and are independent of 
wavenumber k0. 

Again it is tempting to attempt a multipole in- 
terpretation of these results, and for once such an 
interpretation is correct in principle, and useful in 
practice. According to Section 6, the field can be 
represented in terms of monopole sources equal to 
the rate of change of mass flow, plus dipole sources 
equal to the force plus momentum flow across the 
interior surfaces of the flow. Here the "interior 
surfaces" are formed by the duct walls and the 
hypothetical surface across the mouth of the duct. 
Since the duct walls are rigid, the only monopole 
term arises at this "exit plane", whereas the dipoles 
are distributed over the duct walls as well. There, 
however, one may argue that at any section of the 
duct the motion is almost in phase across the duct, 
since koa ~ I, so that the force dipoles at any 
station must cancel out by symmetry, leaving only a 
weaker quadrupole field associated with the duct 
walls. Thus when koa "~ 1 the dominant surface 
terms must be associated simply with unsteady 
rates of mass and momentum flow across the exit 
plane, the axisymmetric terms corresponding to 
fluctuations in mass flow and axial force, the n = 
-+1 terms to fluctuations in transverse force. 

A detailed calculation is needed to establish that 
the fields generated by these surface terms are 
identical with those in (7.20) and (7.21) (with all 
coefficients restored, of course). We can, however, 
see how the directivity function ( l - c o s  0), which 
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couples the monopole and axial dipole in (7.20), 
arises, as follows. The monopole strength due to 
fluctuations in mass flux across the exit plane z = 0 
is, by definition, 

po fa a~b(z = 0, r)27rrdr 
Q =  Jo az 

while the axial dipole strength is 

F =  p ( z  = O, r)2~rrdr 

f° 04~ (z = O, r)2~rr dr, = - P ° J o  at 

the pressure perturbation being p =-poacMat .  
Here the duct axis is Oz and r is the cylindrical 
polar coordinate. When koa "~ 1 it can be shown 
that Q and F are, to leading order, identical with 
the Q and F evaluated at any other section of the 
duct; in particular 

f° a6 Q =  pojo ~ z ( Z ~ - ° ° , r ) 2 r r r d r  

and 

F =  - P° fo a Oc~ (z ' ' ~ -  , r)21rr dr, 

and as z --* - ~c the field deep inside the duct due to a 
quadrupole near the exit (or, for that matter, any 
other excitation localized near the exit) takes the 
form of a plane wave propagating in the ( - z )  
direction, 

4, = A exp ( -  ikoz - iwt) + O(exp ( - I z l l a ) ,  

the near-field around the duct exit decaying in a 
distance O(a).  Thus 

Q = - ipozra 2koA, 

F = + ipozra 2wA, 
so that 

Q = _ ko F (7.22) 
tO 

and therefore the expressions (6.7) and (6.10) give 
in this case 

1 OF. 
p =  -4--~-~aox -~- (t - x / a o ) ( 1 - c o s  0). (7.23) 

The factor m3Fo(y/a) in (7.20) is simply now a 
consequence of the assertion that the axial force, 
for nearly incompressible flow, is pou2a 2 times a 
function of y/a specifying the quadrupole 
locat ion--and,  of course, since the Reciprocal 
Theorem allows us to regard the function of y as the 
field, within a wavelength of the exit, due to a 
distant excitation, it follows at once that Fo(y/a) is 
harmonic. 

Notice that the monopole is weak, Q ~ pomua 2 
(rather than Q -poua2) ,  a consequence of the as- 
sertion that F ~ pou2a 2. If we were to assume that 
Q - p o u a  2 it would follow from (7.22) that F 
pom-tu2a ', i.e. that F would become infinite as 
m--*0. This contradicts our basic tenet, that the 

source functions must be capable of estimation 
independently of compressibility effects. The only 
possibility consistent with that requirement is that 
the unsteady force generated by local unsteadiness 
be finite as m ~ 0, and then the unsteady mass flux 
emerges as a weak by-product. No doubt there are, 
in jet engines, cases in which the unsteady mass 
flow is a dominant source, but those cases are more 
properly modelled by unsteadiness incident from 
z = -oo in the duct than by sources localized near 
the duct exit. 

These calculations give a first simple modelling 
of the acoustic effects of turbulence in jet engine 
tailpipes. Further comments will be made later in 
this section, and the possible practical implications 
will be discussed in Section 10 (iii). We conclude 
now by recording the verification of most of the 
results for solid surface scattering so far derived, 
by the exact solution for a few special flows where 
the Lighthill quadrupole model is not needed. 

The formal theory of Section 6 shows how the 
sound may be calculated from a complete know- 
ledge of the flow, including a complete and exact 
knowledge of surface pressures and velocities. In 
the case of a compact surface a gross knowledge of 
the surface fields is enough-- the net mass outflow 
and the net force, these being, by definition, almost 
always dominated by purely hydrodynamic effects. 
If the surface is non-compact, the distant sound 
field is not necessarily dominated by the hydro- 
dynamic surface sources; the acoustic contribu- 
tion to the surface variables, though weak, is exten- 
sive and of large scale lm-~, and may well make a 
contribution larger than the hydrodynamic sources, 
which are of small-scale I and nearly self-cancelling 
(cf. Section 9). That is why it is necessary to 
develop a deductive theory, as in Section 7, which 
assumes a knowledge of T0 only, and calculates the 
consequent surface velocities and pressures, and 
evaluates them at the correct retarded time (the 
programme which in essence we have followed 
throughout Section 7). The results may still be open 
to objection, however,  on the grounds that the 
acoustic contribution to T,j itself should be calcu- 
lated and allowed for, for such contributions might 
be important when non-compact surfaces are pres- 
ent. In the following we give some examples in 
which the hydrodynamic and acoustic sides of very 
special simple flows have been calculated simul- 
taneously, and which without exception bear out 
the predictions of this section. All of the latter have 
been based on the assumption that a "turbulent 
eddy" is acoustically equivalent to a point quad- 
rupole of strength pou213 and frequency u 11 radiat- 
ing in the presence of whatever surface is under 
discussion, i.e. upon a complete decoupling of 
Lighthill 's eddy quadrupoles from their sound field. 
Whether the examples really provide more than 
plausible reassurance is doubtful, however,  in view 
of their extreme simplicity, involving in all cases a 
highly concentrated distribution of vorticity. 

JI 'AS "~I~I. [(~ I I 
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EXAMPLE 1. Two parallel line vortices, each 
with circulation F and separated by a distance 2/, 
spin about each other (Fig. ll(i)). If m = u[ao~ 1, 
where u = F/4~rl is actually the speed of either 
vortex along its circular path of radius I, the sound 
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\ ,/t~-- ~t 
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////////////17//1~ 
(iv) 

(v) 
FIG. 1 I. Model flows for which exact solutions are availa- 
ble. (i) .Spinning vortex pair, (ii) impact of a vortex pair 
upon a plate, (iii) passage of a line vortex around an edge, 
(iv) instability of a vortex sheet leaving a plate, (v) 

instability of a vortex sheet shed from a circular duct. 

field can be calculated by the method of Matched 
Asymptotic Expansions  (Mfiller and Obermeier(43)), 
matching an incompressible flow with length scale I 
to an outer wave field scaled on Ira-'. The motion is 
periodic with f requency to = u/l (and harmonics 
thereof in higher approximations in m),  and the 
total power radiated (per unit length parallel to the 
axes of the vortices) is 167rpolu3m 4, which is the 

two-dimensional  version of Lighthill 's u 8 law. 
Further,  the angular distribution of intensi ty is as 
s in '  (20-2co t ) ,  the directivity of a rotating lateral 
quadrupole. Stfiber (') has shown how these results 
may be obtained using Lighthill 's equation,  with 
Powell 's  approximate form ('5) O" T~i / Ox~Oxs = 
po div (u × to), where co = curl u is the vorticity, this 
being particularly convenient  in problems with 
delta-function concentra t ions  of vorticity. 

EXAMPLE 2. Impact  of a pair of vortices of 
opposite circulations upon a rigid plate (as in Fig. 1 1 
(ii)). Rahman (46) has worked out the details of this 
problem using the M.A.E. method, and the results 
obviously are in accord with the Reflection Princi- 
ple. In particular, significant radiation takes place 
only over a time of order I/u, and during that time 
the total energy radiated is proportional to u ~, with 
directional energy distribution cos" 20, which are 
just  the results anticipated for a two-dimensional  
quadrupole field. Again, Stfiber (~' has found these 
results from the Lighthil l -Powell  equation,  as well 
as extending them to include calculations of the 
elastic wave power generated in an infinite thin 
elastic plate by fluid motion induced by isolated 
vortex filaments. He has also calculated the sound 
power radiated by the helical vortex filament shed 
from a rotating propeller. 

EXAMPLE 3. Radiat ion from the motion of a line 
vortex around the edge of a rigid half-plane 
(Crighton, ~47' using the M.A.E. method). If l is the 
distance of the vortex from the plate as x ~--- :~ the 
velocity scale can be taken as u = F/4rrl, the distant 
sound field is 

m 1/2 sin 0/2 
&(r, O, t) = [(r - aot)" + I'-]"r '/" ' 

o r  
[tol'~ll4.. [~ol~..,,)[wr~. 0 

(b(r, 0, co)= ~2-ffu) ~ t " ~ ~ ) " ' / " ~ - ~ 0 )  s m ~ ,  

the total energy radiated (in a time of order l /u)  is 
proportional to u ~, and the f requency spectrum of 
the total energy is proportional to 

{ t o l )  ~'" _ , / tol'~ 
F . ( , o )  = k-E) K;"kT) 

The u 3 variation of the total energy is in accord 
with our  results for half-plane scattering. For (7.16, 
7.17) would predict p - m  2 for a purely two- 
dimensional  motion, so that the power would in- 
crease as u 4 and the energy radiated over a time l /u 
as u ~. The angular variation of the field at every 
f requency co (or at any rate for the frequencies  of 
order u/l to which the asymptotic analysis applies) 
is also in accordance with prediction (7.18). 

EXAMPLE 4. Interact ion of an unstable shear 
layer with a semi-infinite surface (Crighton, "s''9) 
Figs. I1 (iv), (v)). In the first plate of these prob- 
lems, a vortex sheet is shed from a semi-infinite 
rigid plate by uniform subsonic flow u on one side 
of the plate. The vortex sheet develops a spatial 
Helmholtz  instability, in which the essential be- 
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haviour of all quantities far downstream from the 
plate edge is as exp{( to /u ) (x  + iy)(l + i) - itot}. A 
length scale may be defined as l = u/to, and the 
distant sound field resulting from interaction of the 
unstable waves with the plate, i.e. from the un- 
steady shedding of vorticity from the plate edge, 
may be calculated as 

p - po(1)"2m 2 sin 0/2, 

which is the expected two-dimensional version of 
(7.18). If the plate is locally reacting and sufficiently 
limp one finds 

{1"~ ''2 ~lz(mp~ sin 0, o-po~7) m \poll 

which is the appropriate two-dimensional version 
of (7.19) except for the dependence on (m~/pol), the 
difference arising from an integration of (7.19) over 
a certain volume of quadrupoles (the volume being 
dependent on m~/pol) to get the above field of a 
distribution of quadrupoles. In ref. 49 these two- 
dimensional models are extended to cover the case 
of uniform jet flow leaving a semi-infinite rigid 
circular duct, with instabilities developing on the 
cylindrical vortex sheet. Unsteady vortex shedding 
from the duct lip generates fields with the paramet- 
ric dependence found by Leppington m' and given in 
(7.20) and (7.21). 

In these shear-layer problems the question arises 
as to the conditions to be imposed on the unsteady 
flow at the plate or duct edges, i.e. whether or not a 
"Kutta condition" of zero unsteady velocity should 
be met. In ref. 48 it was shown how the Kutta 
condition could be satisfied by the imposition of an 
additional field to that already described (which 
generates the field with p - m 2 sin 0/2). The addi- 
tional field does not satisfy the "radiation condi- 
tion" of outgoing waves uniformly in angle; the 
far-field condition for this field is that 
(kox) 'j2 sin 0/2 ~ 1, so that we have to go further and 
further out as 0 -~ 0 in order to stay in the far-field, 
and for 0 = 0 the near-field extends all the way to 
x =o~. But if a field of this kind is accepted as 
physically reasonable the Kutta condition can be 
met, and far from reducing the distant sound, the 
smooth flow near the plate edge results in an 
increase of sound, with 

[ ~ "  l x I/2 
POkx ) m cosec 0/2 P 

(except near 0 = 0 where a more complicated ex- 
pression holds). It may be that a mildly "pathologi- 
cal" field of this kind arises only when we attempt 
to impose the Kutta condition on problems with no 
sources present (the vortex sheet problems ~'49~ 
envisage spontaneous oscillations, without explicit 
reference to any excitation). In problems where the 
unstable vortex sheet oscillations are driven by 
some definite acoustic source no such pathological 
fields need arise, though the issue of whether a 

Kutta condition is relevant in various frequency 
r6gimes is still an open question. 

A problem related to a two-dimensional semi- 
infinite duct has been solved by Cannell and 
Ffowcs Williams/~°~ There the inner incompressible 
flow around the duct exit is generated either by a 
single line vortex (not on the axis) or by a pair of 
vortices symmetrically disposed about the axis. In 
the (asymmetrical) problem with a single vortex, 
the "edge scattering" mechanism dominates, and 
p ~ p o ( l / x ) l 1 2 r r l  z sin 0/2 again, while in the symmet- 
rical problem we might anticipate that the argu- 
ments given for the circular duct would apply, with 
p ~ po( l / x ) '~2mm( l -cos  0) by analogy with (7.20). 
Those arguments, however, are based purely on 
linear theory and exclude any possibility of a 
concentrated "edge force" arising from the high 
velocities around the plate edges, an effect which is 
included in ref. 50 and shown to contribute an 
additional axial dipole source which gives a more 
general directivity (1 + a cos 0), a depending upon 
the particular problem considered. 

To summarize, we may say that enough simple 
problems have been solved exactly (or at least 
asymptotically for m -~0) to give a fair measure of 
confidence in results obtained from the theory of 
quadrupole near-field scattering by solid surfaces. 
The Reflection Principle and Curle's dipole formula 
are confirmed in appropriate circumstances. Much 
more interesting, however, are the results for scat- 
tering by inhomogeneous non-compact surfaces, 
where even rigid surfaces scatter a low Mach 
number field more powerful than dipole (m 5 rather 
than m 6 in three dimensions, for example) and have 
a marked directivity pattern entirely characteristic 
of the surface and independent of details of the 
unsteady flow near the surface. These effects are 
now being detected in aeronautical applications, 
and hopefully the theory will prove useful in pin- 
pointing sources with these radiation characteris- 
tics. 

8. SOUND GENERATION BY FLUID INHOMOGENEITIES 

Flows of practical interest often arise in which 
the turbulent fluid has physical properties different 
from those of the surrounding fluid. As examples, 
the exhaust jets of aeroengines are invariably very 
hot, so that the jet density and sound speed are both 
different from their ambient values p0, ao. The 
turbulent boundary layer around an underwater 
vessel often contains more air bubbles than are 
present in the ambient water, and this has a very 
large effect on the sound speed, though not nor- 
mally on the density, in the turbulent flow. Indus- 
trial processes often use dust-laden air to increase 
heat-transfer rates, among other things, and the 
presence of solid particles in suspension can have a 
significant effect on both sound speed and density. 
We may expect these differences to affect the 
results obtained so far through changing the density 
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factor in the pu~uj part of T~ and possibly through 
making the other term (p -aop)6, dominant. (We 
emphasize that we are concerned here with the 
effect of inhomogeneities in the fluid composition 
on the sound generation process, and not with the 
refractive and scattering effects which such in- 
homogeneities in the propagation region would 
have on an incident sound field. For the most recent 
developments in the theory of wave scattering in a 
random medium the reader is referred to Frisch ~5' 
and Howe. m-~4~) 

Of the three examples above, the effect of bub- 
bles is by far the most dramatic. It is well known 
that the presence of even a very small volume 
concentration of bubbles in water has an enormous 
effect on the sound speed am in the mixture. The 
sound speed ao in pure water (at one atmosphere 
static pressure) is 1520 m/sec, and a volume con- 
centration /3 = 1% is sufficient to reduce this to 
152 m/sec. This is reduced further to a,, = 30 m/sec 
at /3 = I0%, and to a theoretical minimum of 
19 m/sec at/3 -- 52% (a fraction ~-/6) corresponding 
to close packing of the bubbles. As /3 increases 
beyond this value, am rises again, approaching the 
air sound speed a~ = 305 m/sec as/3 -~ I. The qual- 
itative explanation for this behaviour comes from 
looking at the wave speed (actually its square) as 
the ratio of an elastic modulus E to density p, 
am = (E~/0,,)~:, as must be the case in a compres- 
sion wave. When/3 < I0 -3, say, the bubbles have no 
effect on p or E, so that a~ = a0, while when/3 is 
near to unity the water has no effect, so that 
am = a~. When I0-3</3 < 10 -~, say, the bubbles 
give a mixture with the elasticity of air, but the 
density of water, so that am = (Edpo)'"~ ao. The 
figures given above refer to the wave speed at low 
frequencies, which is given by 

Rfl  
a,,, = ~  (8.1) 

provided /3 is neither too small nor too large, R 
being the mean bubble radius, ~ the resonance 
frequence for a bubble of radius R under surface 
tension F, static pressure P and with p =kp ~ 
relating pressure to density within the bubble, 

[ + L(3~,- l ) p 0 R .  ~ j  ' (8.2) 

This variation is reasonably borne out by experi- 
ment, except when/3 is bigger than 40%, making it 
difficult to get a reasonably homogeneous mixture. 
Another aspect of sound propagation in bubbly 
liquids is that the waves are dispersive, the sound 
speed decreasing from the above value (8.1) to zero 
as the frequency increases from zero to £L with 
large dissipation (equivalent to an imaginary part of 
a~) near the resonance condition. The dispersive 
property is of no importance in our problem, 
though it, and many other interesting features, are 
fully discussed by Batchelor. ~') 

Consider now a compact eddy region, generating 

far-field sound in accordance with Lighthill's for- 
mula 

, ( x) 
O=4wa~ x - ~ j T ~  y , t - ~ 0  dy (8,3) 

the /3, /3j being the direction cosines of x, and a0 
denoting the wave speed in the far-field. Suppose 
that the eddy region contains a small volume con- 
centration /3 of air bubbles, but that the quiescent 
water outside does not. Such a situation occurs 
frequently, for example in the turbulent exhaust of 
the propulsor of an underwater vessel, or in the use 
of bubble screens around the turbulent boundary 
layer of a vessel (supposedly with the purpose of 
absorbing sound, rather than generating it). Then 
the effect of the bubbles on OU~U~ is negligible, and 
this part of T~ leads as usual to 

0 - 00( )m (84, 
The second part of T,~ gives 

, o : f  O = ~ - ~ i  ~ (p -a~p)  y, t--~o dy 

1 a o  x - f ( 1 -  t - dY, 
(8.5) 

since, by definition, fluctuations in pressure and 
density within the eddy region are related by dp = 
a~ alp. Since a,, ~ a0 the a0p then dominates p and 

- 1  f  (y,t-x/ao)dy (8.6) P = ~ \a'~l 

which, with the estimates p - p 0 u : ,  a / a t - u / l ,  
gives the variation 

/ \ / \ 1  ao " 

This field clearly dominates the usual field (8.4). 
In fact if /3 is as small as 1% the intensity is 
increased by the presence of the bubbles by 
(aolam) 4~ l0 s (50 dB) while if/3 is around 10%, the 
intensity is increased by 70 dB! Further, although 
the field (8.4) may, in the absence of bubbles, have 
some preferential directivity, as expressed by the 
/3~/3j factors in (8.3), the field in the presence of 
bubbles is dominated by the omnidirectional field 
(8.7). That field is generated by an isotropic quad- 
rupole of strength -(ao/a~)8~'plOt :, or equival- 
ently, since p = a~p and therefore 

1 f 82p 
p =  -4--ff~a 0x J-~-~ (y, t -x /ao)  dy, (8.8) 

by a monopole of strength Q = -Op/St (of. (2.10)). 
This is easily understood, for an increase in mixture 
density (8p/Ot >0)  is achieved mainly by a com- 
pression of the bubbles alone, and vice versa, so 
that one would expect the bubbles to radiate as 
monopoles with strengths equal and opposite to the 
rate of change of the mixture density. 
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Several points emerge from this example. Firstly, 
of course, there is the prediction of a vast increase 
in the radiated level due to a small volume concen- 
tration of bubbles over a compact eddy region. This 
leads to a directionally uniform sound field, and 
completely de-emphasizes surface effects. For an 
analysis along the lines of Section 6 shows that 
surface monopoles and dipoles generate just the 
fields which they would in the absence of bubbles, 
and that only the quadrupole field acquires the large 
factor (ao/am)2. This factor is often at least compar- 
able with the factors m -* and m -2 by which the 
dipole and monopole fields exceed the quadrupole, 
so that surface effects do not necessarily dominate 
in the way that they often would in underwater 
flows in the absence of bubbles. No direct confir- 
mation of (8.7) has yet been published, though 
Ffowcs Williams and Hunter ~s6~ have shown 
theoretically and experimentally how a single bub- 
ble can greatly augment the sound field of nearby 
multipole sources through near-field scattering. 
There is also some supporting evidence for (8.7) in 
the experiments of Dinkelacker and Meseth, ~7~ 
where extraneous noise levels of 30 dB were traced 
to the presence of tiny bubbles trapped in minute 
imperfections on a pipe wall. Secondly, the exam- 
ple shows that Lighthill 's quadrupole formulation 
can take on a monopole character if that is approp- 
riate. The local monopole strength is Q = -  ap/Ot, 
just as one might expect, but the m * quadrupole 
factor emphasizes the near-cancellation of the large 
local source strengths. This attribute of Lighthill 's 
theory- - to  throw up readily interpretable 
monopole and dipole sources wherever 
appropriate--wil l  he seen again below. 

The derivation of (8.7) given above is open to 
criticism on many counts, though closer examina- 
tion still confirms its validity. It was derived by 
Crighton and Ffowcs Williams ~58~ using a form of 
Lighthill equation in which the source functions 
took a different, but equally significant, form. Let 
p°, p~ be the actual densities of the water and gas 
phases, regarded as two superimposed continuous 
phases (i.e. p° = (mass of water)/(volume occupied 
by water)). Then the mixture density is 

p~ = (1 - / 3 )p°  +/3p~ (8.9) 

where /3 is the fraction of unit volume of mixture 
occupied by gas. Assuming that the masses of a- 
and /3-phases are separately conserved, mass con- 
servation for the a-phase requires 

¢ t  ( 1 - / 3 ) p  ° +-O-~ixi (1 - / 3  )p °u ? = O, (8.10) 

which we write as 

-~ p° + p°u? =- Q" (8.11) 

where 
Qt~ o Oa = - p  ~ -  In (1 - /3 ) .  

Here u7 is the velocity of the a-phase ,  and 
D~/Dt = O/at + uTO/axi. The momentum equation 
for the a-phase  is 

F, 

which we write as 

aP~U? +-~-x~x~{P'U?u~ + = S? (8.12) 

where 

$ 7 = F , + - ~ / 3 9  u, +~x~xj/3 O u,u i .  

Here F~ is the force per unit volume arising from 
the motion of the bubbles (or solid particles, possi- 
bly) relative to the water, while the compressive 
stress P0 consists partly of the unsteady stresses 
due to the water motion, and partly of pressures 
induced by the response of the bubbles to the 
turbulent flow. The Lighthill equation follows from 
(8.11) and (8.12) as 

aQ ° aS? 4- a'-T~i 
\ at" - a "~V2J p° at ax, ax,ax, (8.13) 

with T~ i = p°uTu7 + Po - a2~p°8,J, and we have writ- 
ten the far-field wave speed (speed in pure water) as 
am. 

The monopole and dipole elements of (8.13) can 
be easily understood if we remember that usually 
/3 ~ 1 and the velocity field u? is almost incompres- 
sible. For  then 

D o o = N / 3 0  o 

and the monopole strength is equal to the rate of 
change (following the a-motion) of the mass/3p ° of 
water displaced by the presence of bubbles. 
Likewise, 

D S? = F, +~ [ /3p°u~  

is the sum of the interphase force and the rate of 
change of the momentum /3p~u7 of the water dis- 
placed by the gas bubbles. The form (8.13) is 
convenient in allowing for the assessment of vari- 
ous effects that are side-stepped in the simple 
argument leading to (8.6)~in particular in showing 
that bubble resonance is not an important fea tu re - -  
but leads to exactly the same basic conclusion. 

Consider next the case of a suspension of rigid 
particles, for example, the case of dust particles in 
air. This case is modelled by supposing the volume 
concentration 13 ~ 0 ,  while the density pB ~oo so 
that the mass concentration /3p~/p~ has a finite 
limit f, say. Associated with the interphase force 
and the mass of the individual particles is a relaxa- 
tion time % which in most cases is small compared 
with the time scale l lu of the gas mot ion~and  in 
that case the dust particles move with the gas 
motion with negligible time delay. The effect of the 
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particles on the sound speed can then only be to 
increase the density from Oo to pm= po(l + f )  with- 
out changing the elastic modulus, so that the mix- 
ture sound speed is 

ao  a,, = ~ .  (8.14) 

Then, from (8.5) we have a contribution 

• - -  t X 
P=47raox  at J 0 t  \1 + f /  

- 1  o o x 

the gas density being p0 and the mixture density 
p0(l +f) .  But the mass conservation equation for 
the particles (with velocity u, °) is 

-~  ~fpo) + ~d'-~--(fpoU ~) = O oxi 

and therefore 

- 1  o f  O = ~ f f ~ x ~  H ~ ( y , t - x / a o ) d y  (8.15) 

where Hi = - ( O / Ot )(fpou~i ). 
This is the analogue of (8.8) for solid particles. 

The sound field is that produced by a dipole, and 
the dipole strength is H, ; (O/Ot)(fpou~) is the rate of 
change of momentum of the duct particles, and 
therefore -(O/Ot)(foou~) is the force acting on the 
fluid. Lighthill's quadrupole has produced the di- 
pole of the right strength in the physically approp- 
riate circumstance. 

The sound field can be estimated from (8.15) as 

O - P o ( 1 ) r n  ' f ( l  + f )  (8.16) 

while in this case the usual Reynolds stress con- 
tribution to the sound field is also changed by the 
presence of the particles, to 

(') p ~ p o  x m 4 ( l + / ) '  ( 8 . 1 7 )  

The effects are nowhere near as dramatic as those 
caused by bubbles; a volume concentration /3 = 
10 -3 increases the sound level by roughly the same 
as a mass concentration f = 10, added to which the 
dusty gas flow would need 10 times as much power 
to maintain it as in the absence of particles. None 
the less, the effect of dust particles on noise may be 
significant in some processes which use massive 
concentrations, with f ~ I00. 

The problem of the noise from hot jets is at the 
moment an issue of some controversy• The earliest 
suggestions ~6~ were that heating a jet (at constant 
exhaust velocity U0) should reduce the noise level• 
For the effective source density in putuj must 
decrease, if anything, while the remaining contribu- 
tion to T0 is ( 1 -  ag/a~)p,  which with p ~ pu 2 and 
a ,  > ao cannot dominate pujuj. Careful tests by 
Hoch et al. ~59~ on two different rigs have shown that 

this conclusion is only true at sufficiently high 
exhaust speeds, and that at lower exhaust speeds 
the heated jet is actually the noisier. This is not 
inconsistent with earlier experimental results which 
showed less noise reduction than would be antici- 
pated on the basis of a source density change alone, 
and led Ribner "°~ to postulate the existence of an 
additional source in the hot jet, arising from en- 
tropy fluctuations. The most widely held view at 
present seems to be that both the source effects 
mentioned do operate, but in different speed 
ranges. At low speeds a new source is present in the 
hot jet which dominates the classical U0 ~ radiation, 
while at higher speeds the usual quadrupoles take 
over, but with a lower effective density than in the 
cold jet. The only issues in debate in that context 
are just what the effective source density is for use 
in pu~uj, and what are the properties of the entropy 
fluctuation source. 

We note, however, that other mechanisms may 
be needed to completely explain the observed 
results, as recently greatly extended by Lush and 
Fisher ~'6~ and Tanna et al. ~60~ In particular, Mani ~24~ 
has shown how the mean flow shrouding idea, 
applied to a core flow with density and sound speed 
different from ambient, is completely consistent 
with the results of Hoch et al. ~9~ for the total 
acoustic power of hot jets. In ref. 59 the hot jet data 
were correlated in an empirical way on the assump- 
tion that the power varied as pT, where ps is the 
mean jet exit density, and w is a function of 
exhaust speed U0 determined to give best fit with 
the experimental results. At high speeds w is posi- 
tive and heating reduces the noise, at lower speeds 

is negative and there is an increase due to 
heating. For the intensity at any angle a similar 
assumption can be made, with oJ = oJ(U0, 0). Such 
a correlation, though undoubtedly very simple and 
useful in practice, seems to have no theoretical 
foundation whatsoever. Yet Mani's work shows 
that shrouding is equivalent to a jet density expo- 
nent which varies with Uo, and his function w has 
essentially the right features to explain the ob- 
served results f o r  the total  power.  It is, however, a 
defect in the shrouding theory that at present it 
predicts the right behaviour for the total power, and 
yet is incapable of predicting vital features of the 
intensity. For example, the U08 law for the total 
power was argued in ref. 24 to be maintained by the 
shrouding effect, yet that work does not explain the 
failure of Strouhal scaling and the consequent U~ 
intensity law at low angles (cf. Section 6). Again 
here, the shrouding idea is impressive when applied 
to the total power, but predicts little more than a 
density reduction independent of Uo at 90 ° to the jet 
axis. This cannot explain experimental observa- 
tions ~:6'~ which concentrate on 90 ° to deliberately 
exclude "refraction and convection" effects, and 
show, none the less, an increase of sound at small 
values of U0 and a decrease at high U0. But at any 
rate, the rather good tie-up between shrouding 
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theory and experiment for the power shows that, 
over some angular ranges at least, it may be neces- 
sary to take the shrouding effect of the mean flow 
into account, and that the outcome is determined by 
acoustic propagation effects as well as by changes in 
source properties. 

Lush and Fisher ~2m have given a plausible argu- 
ment for the existence and scaling laws of the 
entropy fluctuation source. Let S be the entropy, 
3' = c,/c~ the specific heat ratio. Then for a perfect 
gas 

S = c~ In (p /p*)+cons t ,  
so that 

and 

Op 1 3p p OS 
Ot a~ Ot c. Ot 

o , ( ag'~ap pa~oOS 
= - - - - r  - - +  (8 .18)  (p - a~p) 1 a'~) Ot cp at ' 

am =(yp/p)~2 being the local sound speed. The 
second term on the right disappears if the entropy is 
uniform, as up to now we have always tacitly 
assumed in writing dp = a~dp. In a heated flow 
there is in general no reason to ignore it. The first 
term on the right was considered by Lighthill, ~m who 
showed that it was unlikely to dominate the 
Reynolds stress term. The contributions to the 
radiated density are 

[D'x ( Uo~' 

from the Reynolds stresses, with pu~ui ~ p.Uo, l 
D and OlOt ~ Uo/D, and 

D Uo 2 S 

from the entropy fluctuation. It is now assumed that 
the mixture density is the arithmetic mean of the 
exit density p~ and the ambient p0, 

p .  = ~(p, + po), 

while the entropy fluctuation is taken as propor- 
tional to the difference between the jet exit entropy 
and the ambient, S ~ Sj - So. This difference itself 
is equal to c, In (T~/T0), in terms of the static exit 
temperature T~ and the ambient To, since there are 
no gradients of static pressure in the jet. Assuming 
further [ref. 26, but not ref. 60] that the two 
contributions to the sound field are uncorrelated, 
and making approximations consistent with practi- 
cal limitations on the temperature ratio Tj/To ( <- 3), 
Lush and Fisher find the intensity at 90 ° to have the 
form 

I =  A(U--°'~'+ B(U--°~ .+ (8.19) 
\ a o ]  \ a o ]  ' 

where 

\ Po 1"  

(8.20) 

Further, the same results should apply to the 90 ° 
intensity spectrum at any frequency f, with the 
above A , B  then multiplied by functions of 
Strouhal number fDlUo alone. 

Equations (8.19), (8.20) have the right general 
properties to explain the basic trend--that  at low 
speeds the Ug term dominates, while at high speed 
the U~ term takes over, but at a lower absolute level 
than in a cold jet. Lush and Fisher show further 
that these equations fit the data very well over a 
range of temperature ratios from 1 to 3.1, over a 
velocity range from 90 to 365 m/sec and over a 
Strouhal number range from 0.1 to 1.0. The experi- 
mental results were extended to supersonic exhaust 
speeds as high as 855 m/sec by Tanna et al., cm~ using 
convergent-divergent nozzles to ensure perfectly 
expanded shock-free jets. They found it necessary 
to assume a high correlation between the Reynolds 
stress and the entropy term, giving 

I =  A (U--2°~'+ B(U--2°~'+ c ( U ° ~  ~ 
\ a o /  \ a o /  \ a o /  

in order to get good agreement with experimental 
results for the higher speeds and temperatures. 
While there is no doubt that many of the source 
terms must be highly correlated, it is unfortunate 
that the correlation has to arise in this way, as it 
allows another adjustable constant to enter into 
the equation for L and makes unequivocal interpre- 
tation of the results very difficult. None the less, the 
theory outlined here is highly plausible, and offers a 
simple prediction scheme for the nose of hot jets at 
90 ° . At other angles refraction, convection and 
shrouding effects of the mean flow must presuma- 
bly become more important, and might perhaps be 
estimated using an extension of Mani's work. 

Morfey ~m~ has given predictions for the noise 
from a nearly incompressible fluid (a0~oo, a~ ~oo) 
of non-uniform composition which seem to conflict 
with those of Lush and Fisher. He points out that if 
molecular diffusion effects are neglected, the en- 
tropy of individual fluid particles remains constant, 

D S  aS OS 
D--{ =- 0-7 + u'-~x~ = O. (8.21) 

In that case the monopole contribution from en- 
tropy fluctuations 

1 p~ f O2S,.., 
P=4~-~aox cp ) ' ~ i  -~y t - x / a o ) d y  (8.22) 

can be expressed essentially as a dipole field (plus 
corrections which are believed to be definitely 
smaller) 

1 pm a 
P = -- ~ Cp OXt 

f -~t (u,S)(y, t - x /ao)dy  X 

- P  ~ x ] k - ~ ]  ~-c~p]" (8.23) 
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This argument is not that of Morfey in detail, but is 
just supposed to indicate the basic difference be- 
tween the two proposals, which lies in the velocity 
exponent. 

Now, in general, a better collapse of the experi- 
mental data is obtained with the U 4 monopole of 
Lush and Fisher than with Morley's U 6 dipole, 
especially at the higher temperature ratios (Ts/To > 
1.4). Yet the protagonists of the U 4 scaling (Lush 
and Fisher) admit in their paper that the derivation 
of the Ug law is probably incorrect, because of 
Morley's point that in estimating the entropy 
source term one has to recognize explicitly that 
DS/Dt = 0 in order to avoid a very familiar type of 
overestimate. The conclusion reached in ~26~ is that a 
useful scaling law has been found, which looks 
plausible but is in fact indefensible, and that at 
present no theory is available to describe the funda- 
mentals of hot jet noise. 

This situation deserves a little closer examina- 
tion, because it seems unfortunate that the theory 
of ref. 26 has to be rejected while it agrees so well 
with several independent sets of good data. The 
dilemma may perhaps be resolved in the following 
way. Lush and Fisher state that in their theory it 
has been "assumed essentially that the entropy of a 
particle of fluid following the motion is constant--  
i.e. that DS/Dt = 0". On the contrary, their as- 
sumption is that this does not hold even approxi- 
mately, otherwise Morfey's U 6 is indeed inevitable. 
Is there then any basis for the belief that DS/Dt is 
so far from zero in a heated jet shear layer that the 
simple estimate of f aS/atdy given above, and 
leading to U 4, is just as valid as one which might 
result from attempting to express aS/aT in terms of 
other quantities, for fear of making an overesti- 
mate? 

An affirmative answer to this question comes 
from looking at the exact form for the entropy 
variation (see Lighthill, ~62~ pp. 261-2), 

TDS k (aT'~2+ T a k 0 P - f f { : P * + : \ ~ /  ~x~( ~ (8.24) 

where k is the thermal conductivity, and the dissi- 
pation of mechanical energy per unit mass of fluid 
per unit time is given by the function 

= 2p. (eiie,j - ~A26ij) (8.25) 
P 

with ~ the viscosity, e,~ the rate of strain tensor 

1 /3u,+ au,~ 
\o-~/ -~x,/ and A = div u. 

The second term on the right of (8.24) represents 
the rate of dissipation of thermal energy, while the 
final one integrates to zero over a volume on 
division by T, and so represents an entropy con- 
serving process. Now one thing of the greatest 
significance is known about the behaviour of the 
mechanical and thermal dissipation functions in 
turbulent flows as/x and k ~ 0 (i.e. at high Reynolds 

numbers essentially). That is that the spatial gra- 
dients become large as ~ and k ~ 0 in just such a 
way as to maintain the terms dp and k(OT/Ox~) 2 at 
values independent of Reynolds numbers. The 
whole concept of high Reynolds number flow as 
essentially inviscid is completely false as applied to 
functions like el) which are determined by the 
fine-scale structure of turbulence: for those func- 
tions the inviscid form and the asymptotic form for 
high Reynolds numbers are quite different. What 
happens in the production and eventual dissipation 
of energy and entropy is well known (e.g. Tennekes 
and Lumley"2~). The velocity and length scales u, I 
of the "energy-containing" eddies are fixed by the 
external agency maintaining the turbulence, and the 
values of u, I adjust themselves to accommodate 
the power input on an entirely inviscid basis. In the 
inviscid life-time I/u of an eddy, the power input is 
transferred by non-linear inertial forces down to 
microscale eddies which dissipate the power di- 
rectly through viscous action. The microscale ed- 
dies adjust their scale, according to the viscosity, so 
as to be able to dissipate the power transferred 
from the large eddies. 

It follows therefore that the dominant part of 
OS/Ot at high Reynolds number is not - (u • V)S, as 
asserted by Morfey, but rather the terms on the 
right of (8.24). To estimate these we must take 
careful account of the increasing largeness of a/Ox, 
as p., k - ,0,  or alternatively we can simply argue 
that aS~at is fixed by the external agency, 

a--Y- (s, - So) 

which is the step actually taken by Lush and Fisher. 
Alternatively we may add (u - V)S to aS/3t, giving a 
monopole with the unambiguous estimate 

DS 
f -ff 

while the correction may be expressed as - div(uS) 
if the fluid is nearly incompressible, and gives an 
acoustic dipole of Morley's kind. Either way, the 
U04 monopole of Lush and Fisher survives as the 
dominant sound field at low speeds. 

9. SINGULAR PERTURBATION THEORIES 

Several authors have examined the general 
theory of aerodynamic sound production from the 
viewpoint of singular perturbation methods, in par- 
ticular M6hring et al. ~63~ and Crow ~u~ (while others 
have used those methods to solve particular prob- 
lems, cf. Section 7). Crow gives a particularly 
searching treatment which highlights some serious 
difficulties in the currently accepted theory. 

Consider first the simplest problem of 
aerodynamic noise, that of the far-field sound of a 
single coherent eddy flow at low Mach number, in 
the absence of mean flow. The eddy, of length l, 
radiates sound with wavelength A = Im-~. If we try 



Basic Principles of Aerodynamic Noise Generation 73 

to expand the whole flow field as a series in powers 
of m, we see that m is in fact the ratio of two 
disparate and dynamically significant length scales, 
l and A, and this is the hallmark of a singular 
perturbation problem (Van DykeC~5~). A singular 
perturbation problem is one in which no single 
expansion in a series of gauge functions of m (e.g. 
powers) holds uniformly over all the values of x 
and t of interest. Scaling all the quantities in a 
manner appropriate to a flow with l and l /u  as the 
length and time scales, and letting m ~ 0, yields the 
equations of motion of an incompressible fluid, 
which show none of the required far-field wave 
structure. If, on the other hand, A is taken as the 
length scale and the limit m ~ 0 is taken, we get the 
homogeneous wave equation, which contains no 
information about the sound sources. The method 
of Matched Asymptotic Expansions provides a 
prescription for relating the two expansions. To get 
the incompressible eddy flow equations all that is 
really assumed is that the distance x from the eddy 
core must be much less than a wavelength (cf. the 
use of this argument in Section 7), while the 
homogeneous wave equation holds whenever x is 
much greater than the source scale l, and therefore 
there is an overlap region 1 ,~ x "~ A = l m  -~ in which 
the approximate form of the inner eddy flow for 
x >> I and the approximate form of the outer sound 
field for x "~ Im -~ should be identical. Van Dyke 65~ 
gives a formal expression of this Matching Princi- 
ple which is widely used especially in higher ap- 
proximations, where a formal scheme is essential. 

Without going into the formalism of defining 
various sets of dimensionless variables, we can see 
how the method will produce Lighthill's solution 
for the sound field. For on a time scale l /u  and a 
length scale 1 the equations of motion reduce, as 
m ---,0, to those of incompressible flow 

Ou~+ O__O_( +---P&,)=0, (9.1) 
O---{ Ox i UlUi po 

Ou~ 
- -  = 0 ( 9 . 2 )  Ox~ 

with neglect of viscous forces. These show, by 
taking O/Ox, of (9.1) and using (9.2) that the incom- 
pressible velocity field u~ defines the pressure 
through a Poisson equation 

0 2UiUi, 
V2(p Ipo) = - Ox~dxi (9.3) 

whose solution in a flow without boundaries is 

(p/po)(x, t)=4~ f a'u,uj dy (y, t) Ix- Yl 

1 t9 2 
- 4"rr cgx, Ox, f u,u~(y,t) [xd_--~-Yy]. (9.4) 

(This use of (A.8) is legitimate if the resulting 
integrals still converge, a matter which we shall 
discuss in a moment.) 

If, however, Ira-' is taken as length scale (but l /u  

retained as the time scale, since the sound and eddy 
motion have the same time scale when m '~ 1), then 
the pressure satisfies the homogeneous wave equa- 
tion 

whose solution outside any sphere N = 8 can be 
written as a multipole expansion 

A ( t - x l a o )  0 A ~ ( t - x l a o )  (p ]p0)(x, t) = + X Ox~ X 

02 A,j(t  - x /ao) 
+ - -  ~-' • • (9.6) 8x,Oxi x 

with A ( t )  proportional to the monopole strength, 
A,( t )  to the dipole, etc. 

Now when x ~ l in (9.4) 

1 0 z R,s(t) (9.7) 
(P/po) 47r Ox~Oxj x 

where R~j(t) = f (u~u~)(y, t )dy ,  while when x ,~ A in 
(9.6) 

Aj(t)__ 8 z A~s(t) (P/po) A ( t ) +  O ~ - - - - - + . . .  (9.8) 
x 8xt x Ox~Ox s x 

Since (9.7) and (9.8) must be identical for a whole 
range of x, l ~ x ~ l m  -~, we must have A ( t ) =  
A~(t) = A~k (t) = 0 . . . .  but A~j(t) = Ro(t) ,  and hence 
the far-field density fluctuation is 

_ 1 02 f(p0u~uj)(y, t - x / a o ) d y  (9.9) 
p(x, t ) -  4--~ia ~ a~-~ J x 

This is Lighthill's solution (3.11) for compact flow, 
with the approximation T0 = pou,u~, in terms of an 
"incompressible velocity field" with d i v u = 0 .  
(Crow shows that even in this case of a compact 
eddy flow there are various subtleties in the match- 
ing procedure which have been ignored above, 
though the end result is the same as in (9.9).) 

This gives a plausible, though not rigorous, basis 
for Lighthill's solution for the case of a single 
compact eddy. Crow points out, however, that 
Lighthill's exact solution 

1 O 5 
p(x, t) = ~ ax,axj 

- Ix - Yl ( 9 . 1 0 )  

is claimed to be far more general. Not only is it 
exact, but it is claimed to be useful provided only 
that each eddy is compact (m ~ 1), regardless of 
whether the total volume of eddying flow spans 
many eddy lengths I or even many wavelengths X 
of sound; T~ (or, rather, the statistical properties of 
T,j needed to calculate the sound intensity) depends 
on the eddy motion and can be estimated from 
incompressible flow arguments. 

There are several difficulties in the way of this 
claim. Firstly, the integral in (9.10) exists at all only 
if careful account is taken of the sound field 
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contribution to T0. For  that contribution is, for fixed 
x, O(y +:) at large y, and the integral is (superficially) 
logarithmically divergent.  The integral only has a 
definite finite value if account  is taken of the largely 
self-cancelling oscillatory nature of the sound field 
part of T~j. To that extent,  the sound field p is 
delicately dependent  upon itself through the effect 
it has on T~j. The exact  value of T~j must not be used 
if (9.10) is to be a solution for p in terms of the eddy 
motion. The problem then is to find a meaningful 
approximation to T,j which really is independent  of 
the sound field when m "~ 1, and then to see how 
generally Lighthill 's equation (9.10) holds even with 
this approximate T~. 

Now the thing which characterizes an eddy flow 
is really the vorticity to = curl u. Kelvin 's  theorem 
shows that, even in a compressible fluid, vort ici ty 
moves  with fluid elements,  giving a vortical region 
an identity which it retains over  its coherent  
lifetime. If an eddying motion is set up on a scale / 
by a set of forces acting at t = 0, the vortici ty will 
stay confined to a region of dimension much smal- 
ler than the wavelength A as long as t <~ m ;(l/u), a 
time much larger than the eddy lifetime l/u. A 
region of compact  vortici ty remains compact  
throughout the eddy lifetime, whereas sound propa- 
gates over  the large distance lm-; in this time. 
Further,  in incompressible flow the pressure field is 
specified by the velocity u~, and that in turn is 
defined by the vortici ty through the Bio t -Savar t  
law (Batchelor ~6~'p 87.) 

u ( x , t ) = l c u r l  f m(y ' t )dy  Ix-yl 
If o~ vanishes initially outside some finite region, 
then u = O(x-~) as x -o :c at all subsequent  times, so 
that integral (9.4) is convergent .  This rapid decrease 
is a vital feature which we can secure in a compres-  
sible fluid by defining an eddy velocity v as the part 
of u induced by to, 

so that 

u = v+V~b, div v = 0 (9.11) 

1 f oJ(y) v = ~-~ curl ~ ] d y  

and ~b is defined by the dilatation div u, V2~b = div u, 
so that V~b can be regarded as the acoustic part of 
u. In general V~ = O(x -~) at large x, whereas v = 
O(x -3) regardless of  compressibil i ty effects. Note,  
however ,  that v and V~ are defined as certain 
integrals of  the whole u-distribution, and neither is 
related to just the value of u at (x, t), so that neither 
is capable of purely local measurement .  As a conse- 
quence of this, neither of V~b nor v satisfies a 
hyperbolic set of equat ions;  a disturbance at the 
origin affects the values of ~, v at once everywhere ,  
whereas  the total velocity u is unaffected until a 
t ime of order x/ao later. This makes the split 
u = V~b + v very unnatural in the outer  wave  field, 
but it is not open to the same object ion within the 

eddy flow, where it is the only way to relate all 
quantities to the one t h ing - -vo r t i c i t y - -wh ich  can 
reasonably be regarded as character izing the eddy 
flow. 

This suggests that the relevant  field to be used in 
(9.9), and perhaps more general ly in (9.10), is the 
eddy veloci ty  field v, and that suggestion is con- 
firmed for the case of a single compact  eddy by the 
details worked out by Crow. ' " '  It is worthwhi le  
seeing why this is, as it holds the clue as to what 
one might expect  in more complex  flows. We note 
that the sound field generated by a source distribu- 
tion of a given type depends  not only on its 
strength, hut on its scale and its ex tens iveness  in 
space. We have already repeatedly seen how the 
radiation efficiency of a source increases as the 
compactness  ratio I/A increases towards unity, and 
we should not be surprised if we were to find that 
the sound field part of T,i makes an appreciable 
contribution to the distant sound, for its large-scale 
A could well make up for a small strength relat ive 
to pou 2. Secondly,  even if sources  are only corre-  
lated over  a scale I ~ A they may produce a power-  
ful field if their strength decreases  only slowly. As 
an ext reme and artificial example  ( C r o w ' " "  :4'), if 
T~ = F,~ + m :G~j where F~j decreases  as x-3 or faster  
but G,~ decreases  only as x '. and where F,j(0) and 
G,~(0) are comparable ,  then the wave  solution takes 
the form of equally important quadrupole  and 
monopole  fields. 

Here  it is in fact found that Vd~ =O(m;p , ,u : ) ,  
V(h = O(x -') as x ---, ~-, and that the density perturba- 
tion p; = O(m:p,,), p, = O(x ~) as x ~ : c ,  these refer- 
ring to the inner solution, x <~ A. Thus the expansion 
of T,j begins with p,,v~vi = O(x -~), and cont inues with 
an O(m") term essentially equal to p;v, v j+  
po(v~Odp/Oxi + viOcMOx~) + ½(7 - 1)p~&~. The last term 
represents  a non-l inear modulat ion of the sound 
field by itself, while the others  represent  sound 
interaction with turbulence.  Here  the p~ term de- 
creases as x ~ while the others decrease  only as x-4. 
However ,  the O(m 2) quadrupoles  are neither so 
extensive,  nor of such large scale, that in the case 
of  a compact  eddy flow they can generate  a field 
comparable  with the O(1) quadrupoles  p,,v~vi. 

Now most flows involve a distribution of numer- 
ous eddies, so that another  parameter  enters the 
problem, as emphasized by Crow. This parameter  is 
A = L/I, a measure of the complexi ty  of the vortical 
flow, L being a length typical of the whole flow and 
I again the typical eddy size. We have discussed the 
case A - 1 ,  m ~ 1, which is capable of singular 
perturbation treatment.  What  can be said about  the 
cases A - m  -k, or A ~ m -~, in which the flow do- 
main may be comparable  with, or even much larger 
than, the typical wavelength  h ? In that case the 
singular perturbat ion method cannot  be applied, at 
least not in the simple way of matching a 
homogeneous  wave  function to the Poisson integral 
for the pressure.  

It is possible that Lighthill 's  theory is in fact 
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capable of dealing with cases in which A is at least 
as large as m -~, i.e. in which the unsteady flow 
volume is as large as a sound wavelength or so. For 
such cases the Lighthill theory can perhaps be 
regarded as giving the first term of a "composite 
expansion" of the whole field. The terms (02lOt : -  
a2oV~)p are important in the wavefield, the terms 
a~V~p-O:povwi/Ox~Ox~ are important within the 
eddy region, and a composite equation which con- 
tains all those terms is an approximate Lighthill 
equation 

( ~ t " -  a~'V2) p -  02PnV'v' Ox, Ox~ (9.12) 

with solution 

1 0 2 _]x-Y[ '~  dy 
,~rra; Ox,Ox~ .I a,, ] Ix-y[" 

If m ~ l and A = O(l) then the time variable on the 
right can be replaced by t - x / m ,  and we get the 
quadrupole solution. It may be that the same 
source term OoVWj with the appropriate retarded 
time differences may serve to describe the sound 
field when A is much larger than O(l) through 
formula (9.12), though at present there is no proof 
of this. Crow 'u~ has examined a one-dimensional 
model equation and comes to the conclusion that 
writing the equation of motion in the Lighthill form 
of a forced wave equation does indeed lead to an 
asymptotic series in powers of m provided m ~ l 
and A is as large as m-~. However, for A-> m 
higher order approximations increase successively, 
and the whole idea of the Lighthill form leads 
nowhere. 

As a simple example which shows how the 
difficulty arises, consider one-dimensional gas mo- 
tion under isothermal conditions, so that p = ag O 
exactly. The equations of motion can be written in 
Lighthill's form as 

and we can try to use this equation to improve upon 
the linear wave solution u = f ( x - a o t ) ,  p =  
p0f(x-aot) /ao.  The next approximation comes 
from solving 

O 2 , = O "~ 

and gives 

= - ) - - - r f ( x  - aot ) f ' (x  - aot). O ~oof(x aot pox 
ao 

This is derived on the assumption that the second 
term is small compared with the first, which it 
clearly is not if x is large enough. For example, if 
f ( x  - aot ) = Uo sin ko(x - aot ) the ratio of the sec- 
ond term to the first is of order m(kox),  where 
m = uo/ao, and therefore the iteration process 
based on the Lighthill equation becomes invalid 

after the wave has travelled a distance of order m -~ 
wavelengths. 

The difficulty arises here from the non-linear 
interaction of the acoustic wave with itself, 
whereas in the aerodynamic noise problem a more 
important process is probably the interaction of the 
sound waves with the turbulence they must pass 
through to reach the ambient medium. None the 
less, the example shows that there is probably an 
upper limit on the parameter A beyond which an 
iteration process based on a Lighthill equation 
gives results of no meaning whatever. To proceed 
further and extend the Lighthill theory to the case 
A-> m -~, terms representing identifiable physical 
processes must be taken out of T,j and incorporated 
in the wave operator on the left on the wave 
equation whenever they are responsible for a 
breakdown of the iteration. Crow suggests that the 
next step is in fact to treat the terms representing 
sound interaction with turbulence in this way, using 
his theory ~7'ss~ of the viscoelastic response of fine- 
scale turbulence to a weak large-scale wave field, or 
perhaps more simply at first, using the linear theory 
of long wave scattering by turbulence (Howe~3~). It 
seems unlikely, however, that wave-turbulence in- 
teractions on the very different scales l and A will 
have a very serious effect on the sound generation 
from turbulent regions of interest in terrestrial 
technology, though there is a need for a theory of 
sound generation by large volumes of turbulence in 
astrophysical problems. 

10. R E C E N T  D E V E L O P M E N T S  

This section gives a brief coverage of four areas 
of current research interest. Definite progress has 
been made in each area, though the results are 
mainly of a preliminary sort which makes it difficult 
to fit them into a coherent review. 

(i) Sound Generation by Supersonic Shear Layers 

The first real step away from the Lighthill type of 
acoustic analogy was taken by Phillips (~' in 1960, in 
an attempt to incorporate explicity the refractive 
effects caused by variation of eddy convection 
velocity and sound speed with position across a 
turbulent shear layer. Phillips was the first to 
uncover the "eddy Mach wave" mechanism of 
supersonic shear flow radiation which was subse- 
quently shown by Ffowcs Williams "9~ and Ffowcs 
Williams and Maidanik ~20~ to be a natural part of 
Lighthill's theory of convected quadrupoles. Phil- 
lips derived an asymptotic solution, valid for large 
Mach numbers and fixed wavenumbers and fre- 
quencies, to his wave equation, and showed how 
that solution would lead to an M m law for the 
radiated intensity from a plane shear layer, in 
contrast to the M 3 law which was shown in Section 
5 to follow from Lighthill's theory. Laufer et al. ~°~ 
showed, however, that Phillips' solution was not 
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uniformly valid in wavenumber k, and that the M 3n 
contribution came from a region of k-space in 
which the Phillips solution was invalid. Thus, al- 
though there was no doubt as to the validity of 
Phillips' description of the generation process the 
proper quantitative conclusions were not provided 
by Phillips' original paper. (In unpublished work 
Phillips did in fact examine the region of k-space in 
which the non-uniformity occurred, and derived a 
differeot asymptotic solution for that region, lead- 
ing in the end to results which were essentially in 
agreement with the extended version of Lighthill's 
theory.) 

Phillips' idea was to write the equations of mo- 
tion in the form of a convected wave equation for 
density p, or equivalently for pressure p, in which 
the right side did not contain p explicitly, and he 
showed in fact that, apart from some source terms 
arising from effects of viscosity and heat- 
conduction, which he gave but which we shall omit 
here, the quantity r = In r/p,, satisfies the exact 
equation 

{D 2 o o., o., (a: 
- ~ - ~ x ~  \ Ox~]) = Tax~ 3x, (10.1) 

in which T = cplc,, is the specific heat ratio, D I D t  is 
the derivative following the fluid motion, 

D 0 0 
N = u,a-Z, 

and a =(Tp/p)  m is the local sound speed. This 
equation is simplified on the left by approximating 
ill and a by their mean values, denoted by an overbar, 
thus neglecting the scattering and convection of 
sound by the turbulent fluctuations while retaining 
those effects due to the mean velocity and tempera- 
ture distributions. If, further, the mean flow is 
assumed to depend only on the coordinate x~ normal 
to the shear layer we have 

Dt" - ~x~ a '(x~) r = 2T ~OUl ~(~ll; + T Oll ioXj Oll ioXi 

(10.2) 

in which D I Dt = O/or + a,(x3) O / Ox~, and the source 
term has been written as the sum of a "shear-noise" 
term 

2TOa~ Ou'3 
Ox3 axe' 

arising from the interaction between the mean 
shear and the velocity fluctuations u~ normal to the 
shear layer, and a "self-noise" term T(Ou~/OxD 
(Ou}/Ox3 arising solely from the turbulent fluctua- 
tions. Phillips considered only the shear-noise term, 
while Pao ~7~-73~ considered both terms. Doak, °"~ Lil- 
ley ~ and others have, however, argued that only 
the self-noise term can properly be regarded as a 
source term, and that the linear shear-noise term 
should really be expressed in terms of r and 
included in the differential operator on the left as a 
so-called "shear refraction" term. Thus, taking 

D / D t  of (I0.1) and using the inviscid momentum 
equation in the form 

Ouj+ Ou,_ a2 Or 
O---i Uk'oXk T OX~ 

we readily find that 

v I'D 0} 0., 0 

- 2T Ou~ auk Ouj (10.3) 
3xj Ox~ 3Xk' 

which can be approximated as 

O r D: 0 ~ o l oa, o / ~  ar~ 

= A(x, t) (10.4) 

with a "generation" term A consisting only of 
squares and higher-order products of fluctuation 
quantities. Whether or not (10.4) constitutes a sig- 
nificant improvement upon (10.2) remains to be 
seen, as the identification of important processes 
which should be retained on the left is done entirely 
by assertion, and without any rational expansion 
procedure in mind which would enable generation 
and propagation effects to be distinguished. As the 
effect of the shear-refraction term has not yet been 
revealed by analysis, we consider here only the 
Phillips' equation (10.2). 

Since the coefficients in (10.2) are independent of 
x,, x: and t, it is expedient to take a Fourier 
transform in those variables. To minimize the com- 
plication, in an effort to get an idea of the 
mathematical and physical character of solutions to 
the Phillips equation, we can suppose further that 
the flow is two-dimensional and independent of x.,, 
and that the sound speed a is everywhere equal to 
a0. Then defining 

r(k,,  to, x3) = f r(x,,  t, x3) exp (ik,x~ + itot ) dx, dt 

we have 

f O 2 {to + k ,a ,U , 2 l . ,  
+ k T )  - rt ,, to, x~) = F(k,, to, x~) 

(10.5) 

where F is the transform of the source function. 
Now recall from Section that the distant sound field 
in any direction ~(cos 0, sin 0) is determined at each 
frequency to by the Fourier component of the 
source field at a wavenumber corresponding to a 
plane acoustic wave propagating in the direction of 
the observer. Thus the distant observer is con- 
cerned only with a value of k~ corresponding to the 
propagation of a wave of total wavenumber ( -  k0) 
at an angle 0 to the flow direction [cf. (4.2)], so that 
k~ = - k,, cos 0 = - (to/ao) cos 0, and the equation 
for pressure becomes 

Y ]1 + 1 -  cos0  - c o s  20 r = F ,  ao 
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o r  

2,) + H g  (y) r = F  (10.6) 

in terms of a dimensionless length y = xUL scaled 
on the thickness L of the shear layer. H denotes 
the Helmholtz number, H = toL/ao = koL, and 

( 7- g~(y) = 1 - ti~(y) cos 0 cos 2 0. (10.7) 
a0 

Equation (10.6) is not soluble exactly, except for 
certain particular choices of g(y). It is, however, in 
a standard form suitable for asymptotic solution for 
large values of H, corresponding to the propagation 
of short wavelength disturbances through a slowly 
varying mean field. Inasmuch as fixed point fre- 
quencies are largely related to wavenumbers by 
to = - k~a~ (Taylor's hypothesis of turbulence as a 
frozen spatial pattern"2'P m)), then H 
(ktL)(~dao), and the limit H - ~  can also be re- 
garded as a high Mach number limit, as was Phil- 
lips' point of view. This coupling of frequency and 
wavenumber is unnecessarily restrictive, however, 
having the effect of making all subsonic flows 
silent, and the more fundamental limit which is 
taken in all asymptotic solutions of (10.6) is in fact 
the high-frequency one. 

The solution to (10.6) can be expressed as 

f7 r(y) = G(y, s)F(s) ds (10.8) 

with the integration over the shear layer, which 
extends from - 1  to + 1 in dimensionless coordi- 
nates, and where the Green's function, which is not 
simply a function of y - s in view of the variation 
of g with y, satisfies 

(-~y +H2g2) G(y , s )=8(y - s )  (10.9) 

with the boundary conditions necessary to ensure 
that r behave as an outgoing wave, or be exponen- 
tially attenuated, as lYl ~ ~. The form of asymptotic 
solution for G, using the W.K.BJ.  type of method, 
depends upon the transition points of the equation, 
those points y for which 

g2(y) = [1 - MoV(Y) cos 0] 5 -  cos 2 0 --- 0, 
(lO.10) 

with ~(y)  = UoV(Y), Mo = Udao, in terms of, say, 
the centreline velocity U0 in a jet type of flow. 
Depending upon Mo and # there may be various 
numbers of transition points in each half thickness 
of the shear layer (assuming symmetrical mean 
flow). For example, if V(y )=  exp ( - y : )  then the 
transition points in y > 0 are at 

/, M0cos O\ m {, M0cos O\ m 
Y = t , n  ~ )  and Y -- t,m ~ )  

if they exist, so that here there are 0, 1 or 2 
transition points, while for other less physically 
likely profiles there may be more. Note, however, 

that the nature of the transition points is deter- 
mined by M0 and 0 and not by the frequency, so 
that additional constraints beyond H-> 1 will be 
needed to differentiate between various cases. For 
example, two transition points may be present, and 
may be separated by a distance larger than, smaller 
than, or comparable with the acoustic length adto. 

G(y, s) describes the far-field response to a dis- 
turbance at the level s of the shear layer. Suppose 
first that there is no transition point between y and s, 
so that g2 > 0 over that range. Then it is straightfor- 
ward to construct an approximate Green's function, 
for H ~ ~, from the standard W.K.B.J. solutions to 
the homogeneous equation (e.g. Nayfeh °6'p33~)) 

= , f '  Hg(~') d'r}, 1 {+- i G_-(y) [Hg(y)--~exp 
(10.11) 

namely 

G(y, s) 1 exp {i sgn(y - s) 2iH[g(y)g(s)]m 

x frHg(r) dr}. (10.12) 

The function sgn (y - s) = 1 for y > s, - 1 for y < s, 
and ensures that G represents outgoing waves as 
y ~-+ ~. Note that when g = constant 

1 G(y, s) = 2 - ~  exp (iHgly - s D 

which is the function quoted in (A.16). 
To see what is described by the solution (10.8), 

(10.12), make a local transformation in (10.5) to 
coordinates x'~ = x , - a , t  moving with the mean 
flow, and then the phase factor exp ( - i k ) x ~ -  itot) 
shows that the moving axis frequency to' is related 
to the fixed frame frequency to by to'(x3) = 
to + k~ft~(x~). The assumption that g2 > 0 
everywhere between the source at s and the ob- 
server'at y means therefore that to"- > aok~ at every 
level between s and y. Consequently, the pressure 
fluctuation can be regarded as locally acoustic at 
every level, with G(x3)~ exp{ix3X/(to'2/ao-k])}, 
where to' is effectively constant over several 
wavelengths, but over a sufficient distance suffers 
the cumulative change described by functions like 
(10.11). Thu s (10.8) and (10.12) show how an acou s- 
tic component of the turbulence, i.e. a component F 
with to"->aok~, propagates in a local fashion 
through the slowly varying mean velocity field. To 
the extent that turbulent fluctuations in a frame 
convected with the mean flow are essentially of low 
Mach number, so that to,2 < agk] for most spectral 
components, one would expect relatively little of 
the far-field sound to be contributed by this purely 
acoustic process, which Pao m) calls propagation in 
the SO mode. None the less, this mode has direc- 
tional properties rather different from those of 
other modes. An element at the level s where the 
mean velocity is V(s) radiates to the far-field only 
for cos 0 < [MoV(s)+ 11-1, i.e. only outside the 
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zone of silence which would be predicted by appli- 
cation of simple "geometrical optics" ideas to 
refraction of a sound ray across an abrupt jump of 
velocity from V(s) to 0 (Morse and Ingardt77'P7°gJ). 
Thus the W.K.B.J. solutions for the SO mode agree 
with geometrical optics methods which are often 
used to explain such features as the zone of relative 
silence which surrounds a jet exhaust, although 
other modes are presumably present, and able to 
radiate, into the zone of silence. 

If there is one transition point Y between s and 
y, the solution to (10.9) is exponentially decreasing 
away from Y towards s, but oscillatory between Y 
and y. The essentials can be seen by approximating 
(10.6) near y = Y by 

+ H 2 a 2 ( y - Y )  G = ~ ( y - s ) ,  

(I0.13) 

with a solution (a combination of Airy functions Ai 
{- (Ha):l~(y _ y)} and Bi {-  (Ha)21~(y - Y)}) which 
has the phase of an outgoing wave when y ~> Y and 
which decays exponentially when y ~ Y. The 
source frequency to'(s) now satisfies to ' :<  aok~, 
and the source can be termed hydrodynamic. Its 
pressure field starts to decay exponentially away 
from s according to the factor 

tot2 

but then to' starts to increase because the mean 
velocity increases, and when the transition point is 
reached the hydrodynamic pressure field is con- 
verted into a locally radiating component, whose 
path can then be followed beyond Y out into the 
far-field by the formulae for the SO mode. 

Pao calls this mode with one transition point the 
Sl mode. If there are several transition points they 
may be treated independently by the S1 analysis 
provided the separation between consecutive val- 
ues of Y is large on the acoustic length scale 
(ao/toL). The separation is a function of Mach 
number Mo and angle 0 (cos 0 = - k,/ko) alone, and 
decreases as M0~ ~. Pao suggests that the separa- 
tion is asymptotically of order M~0 ~ (though in the 
above example, with V ( Y ) =  e x p ( - Y : )  the sep- 
aration is of order (ln Mo) ~r-) and in that case the $1 
analysis holds provided 

l ~ H , ~ M o .  

If two transition points lie within a wavelength of 
each other they cannot be considered independent. 
The sources between the transition points (within 
the "critical layer") are hydrodynamic, those out- 
side are acoustic. Acoustic sources may radiate to y 
directly, by reflection from the critical layer, and by 
transmission through the critical layer if this is not 
too thick. Additionally, the hydrodynamic sources 
within the critical layer can also radiate to y 
through the transition point. These processes are all 
described by a Green's function which satisfies 

(I0.6), with an approximation g2(y) = 
/3:(y - Yt)(y - Y:) which takes out the two transi- 
tion points explicitly. The solution to (10.6) can 
then be found in terms of parabolic cylinder func- 
tions. It can be simplified a little further if the 
transition points are very close together, so that 
g2(y)=/3. ,(y_ y)2, in which case (I0.6) can be 
reduced to a Bessel equation or order ~, as was 
done by Phillips. Pao calls the radiation mode, 
when two transition points are close together, the 
$2 mode. 

Quantitative results for, say, the mean square 
pressure outside the shear layer generated by a 
small volume within the shear layer have been 
given by Pao using a kinematically possible model 
of the turbulence structure. While these generally 
show agreement with the results of the Lighthill 
theory at low Mach numbers but deviate from the 
M30 prediction at high Mach numbers, it is not clear 
that a direction comparison is relevant at the pres- 
ent stage. For the Lighthill theory is basically about 
long wavelength convected sources. The sources 
may be convected by the mean flow, and become 
less compact thereby, but the sound always propa- 
gates through a uniform acoustic medium at rest. 
The Phillips-Pao theory is concerned with 
wavelengths short compared with the shear layer 
thickness, and allows both the sources and their 
sound field to undergo convection by the mean 
flow. It is not necessary to take the limit H --, ~ too 
literally, of course, though the high-frequency limit 
is unlikely to hold down to the peak frequencies of 
high-speed jet-engine noise, so that a direct overlap 
with the Lighthill predictions may not exist. A way 
of extending the Phillips-Pao theory to lower fre- 
quencies would be very desirable, and there are two 
immediate possibilities for that. One can argue, as 
Mani (cf. Section 5) has done, that at low frequen- 
cies one can approximate the actual mean velocity 
and temperature profiles by "top-hat" forms, which 
leads to simple solutions of the Phillips equation, or 
one can choose mean profiles such that the Phillips 
equation has exact smooth solutions for all fre- 
quencies, a programme which has not yet been 
carried out. In any event, the whole issue is impor- 
tant for subsonic flows as much as for supersonic, 
and sets a properly posed mathematical problem on 
which much more work is needed. 

(ii) Shallow- water Simulation of Aerodynamic 
Noise 

It is well known that certain aspects of unsteady 
shallow-water flow have an analogy with the 
dynamics of a gas with specific heat ratio 3 ' --2.  
Recent work by Ffowcs Williams and Hawkings, ~78~ 
Ffowcs Williams ~ and Webster ~ has shown that 
there is also a close parallel between surface-wave 
generation by turbulence in a shallow layer of water 
and the hypothetical problem of two-dimensional 
aerodynamic sound production. We have seen, in 
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Sections 4 and 5, how many results for the latter are 
very similar to the corresponding ones for the 
three-dimensional process. The two-dimensional 
results may be very easily extended to cover such 
effects as sound generation by the near-field in- 
teraction between a line quadrupole eddy and a 
circular cylinder, a wedge or a parallel plate duct, 
using only slight modifications of the arguments of 
Section 7. Thus in many cases there should be an 
immediate correspondence between water-table re- 
sults and those for a closely analogous aeroacoustic 
problem. Apart from the very large Mach number 
range which can easily be covered on the water 
table, the shallow-water simulation has, of course, 
overwhelming visual advantages. 

The phase speed c of surface gravity waves of 
small amplitude on water of density p%,, surface 
tension r and depth ho depends on the wavenumber 
k, 

for long waves, khne 1. For a particular mean 
depth 

(10.15) 

which is 0.48 cm for water at room temperature, the 
phase speed is constant and equal to co = (@I,)“~ for 
all but those waves so short that (kho)” is an 
appreciable fraction of unity. In Webster’s experi- 
ments’“’ the deviation of c from co due to the (kho)” 
term was only 10% for waves of length 2rlk = 
1 cm. Now the jet nozzle used by Webster had a 
diameter of 2.5 cm, so that in the compact limit one 
would expect all significant waves to have much 
greater wavelength than 2.5 cm, while even in the 
non-compact case one would not expect appreci- 
able energy to be radiated in wavelengths much 
shorter than the nozzle diameter, and in fact no 
wavelengths as short as 1 cm were ever observed. 
Thus for all practical purposes the wave speed can 
be taken as a constant (gha)“* = 21.8 cmlsec. 

Suppose now that a finite region of a shallow- 
water layer is in turbulent motion. The three- 
dimensional turbulence radiates a two-dimensional 
surface wave field characterized by the local depth 
h, which Ffowcs Williams and Hawkings”” have 
shown to satisfy a forced wave equation 

(10.16) 

where T+ = hU,U, +P,, -cah&+ and (Y, p (and 
the sums implied by the repeated suffices) run over 
the values I,2 corresponding to the surface coordi- 
nates. hUmUp stands for the Reynolds stress u,uB 
averaged over the depth h, 

h 
hU.& = u,up dx,, 

while the stress tensor P.# is given by 

This rather complicated function reduces to c:h& 
in linear theory, and can be estimated within a 
turbulent zone to be generally smaller than the 
Reynolds stress term, of order hoU2. 

A region of convected turbulence should, accord- 
ing to the above, and to (5.13) and (5.14), generate a 
wave field with the parametric dependence 

(-:(&l-M c$3)‘+m~]~ 
c 

for the mean square height (h*). Here solid surface 
effects are omitted, and m and MC now denote the 
ratio of the turbulence fluctuation velocity and 
eddy convection velocity to the wave speed CO (and 
thus should properly be referred to as Froude 
numbers, though Mach number remains more ap- 
propriate here). Webster has attempted to verify 
this variation experimentally for the case of jet 
turbulence, with a slight modification to account for 
the presence of the jet pipe. It is possible that 
effects due to the jet pipe may be important (cf. 
Section 10 (iii)), and it has already been argued in 
Section 7 that local unsteadiness near the duct exit 
is, in the three-dimensional problem, equivalent at 
low Mach numbers to a compact monopole and 
dipole at the exit with a certain coupling between 
them. If that were to carry over to the two- 
dimensional problem one would expect a contribu- 
tion to (h’) increasing as 115, characteristic of the 
intensity of a two-dimensional dipole, while gross 
unsteadiness caused by conditions deep within the 
duct might give an additional monopole type of 
source, with (h*)- u’. Thus Webster assumes 

+phi f ms 
0 

(10.18) 

for low Mach numbers, while when the Mach 
numbers are high (and there is now no reason at all 
why m should not exceed unity) the dipole is 
non-compact and radiates as a monopole, so that 

(h*)- h’ (i> [(I -M c cTs’fl)‘+ rn’]’ 

+ (a + j3)hi (-!) m3. (10.19) 

The arguments for the precise forms of the extra 
terms are not conclusive, since in general an edge- 
scattering effect will appear in two dimensions 
where it does not in three (cf.‘%‘), and that will 
produce (h’) - u4. However, the differences are 
slight, and the terms are put in merely to indicate 
that a breakdown of the u’ law at low Mach 
numbers is definitely anticipated. 
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Webster's experiments showed that for jet exit 
Mach numbers M between 1 and 2 (i.e. convection 
Mach numbers Mc between 0.6 and 1.2) the mean 
square height (h:) varied as M 7, as would be 
expected from (10.19) with the usual assumption 
that the ratio m[M is independent of M. (In the 
experiments data were taken at one fixed angle, 
0 = 45°.) Beyond M = 2 the power law seemed to 
change very quickly to (h:) - M 2 up to values of M 
around" 10, and only thereafter to change to the 
asymptotic M 3 law which, in the three-dimensional 
aerodynamic problem, is usually found soon after 
M = 2. Below M = 1 down to M = 0.3, the lower 
limit dictated by background noise, deviations 
above the M 7 law were found, as expected, though 
the data continued to scale on M", where n de- 
creased from 5 to 3 over this subsonic range. These 
deviations were particularly pronounced when the 
inside of the duct wall was roughened to promote 
turbulence around the nozzle exit. Thus the 
theoretical predictions are quite well borne out for 
M < 2, though the M 2 law above M = 2 is hard to 
explain, and not paralleled by the three-dimensional 
noise situation. 

The shallow-water table offers potential for the 
study of a number of effects which are difficult to 
examine in the three-dimensional situation. At- 
tempts have been made on the water table at 
Imperial College to study wave transmission 
through blade rows, though difficulties arise from 
viscous and surface tension effects in the narrow 
gaps between the blades which probably invalidate 
the analogy with gas flow. More profitable might be 
the verification of some of the results of Section 7 
for solid surface scattering, and there the water 
table shows immediate qualitative confirmation of 
some features. For example, a long thin barrier can 
be placed with its edge in the near-field of the water 
jet, as shown in Fig. 12. The dynamics of the jet are 
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FIG. 12. Schematic of features easily seen in shallow- 
water simulation of jet noise. 

not perceptibly altered, and the situation corres- 
ponds to the two-dimensional version of the half- 
plane scattering problem considered in Section 7. 
The result (7.18) predicts that the field generated by 

the interaction of the barrier with the near-field 
pressures of the jet should have its maximum level 
on the barrier, regardless of the angle to the jet at 
which the barrier lies. That is a feature which is 
very easily and unambiguously observed on the 
water table, where the scattered wave field also 
appears to be at least comparable with the peak 
wave field from the free turbulent jet, though that is 
an aspect which needs careful measurement. 

Two other interesting phenomena have appeared 
in casual experiments on the Imperial College water 
table, both shown schematically in Fig. 12. 
Firstly, it is common to see a large-scale snaking 
motion of the jet, starting at about siz nozzle 
diameters from the exit, and persisting over several 
wavelengths ( A -  8D) to at least thirty diameters 
downstream. A good photograph of the snaking is 
given by Ffowcs Williams and Crightonfl ~ The 
snaking radiates an intense and highly directional 
pattern of short waves, which are probably gov- 
erned by non-linear effects, in view of the large 
amplitude of the snaking oscillations. Whether this 
effect has a direct counterpart in the three- 
dimensional problem is open to question, though it 
may well apply directly to the fields radiated by 
"fish-tailed" jets (Hoch and Hawkins ~25~) in their 
"noisy" plane, in which they behave in a two- 
dimensional manner. 

Secondly, "internal noise" sources in the jet pipe 
are easily simulated on the water table by various 
types of oscillating plungers, though a curious 
effect arises in that connection. Suppose that an 
oscillatory plunger operates deep within the jet 
pipe, at a frequency low enough, that, in the 
absence of the mean jet flow, the wave field 
radiated out of the mouth of the duct is of 
monopole type, with uniform directivity. Then one 
would expect no real qualitative change in the wave 
field at any mean flow Mach number less than 
unity; convection effects should tend to elongate 
the directivity pattern in the downstream direction, 
though this should be partly offset by the refractive 
effect of the jet shear layer. What happens, how- 
ever, is that as soon as the flow is turned on (which 
in practical terms means that M is at least 0.2) the 
wave field from the internal source emerges in two 
concentrated fans symmetrically placed about the 
jet axis, as in Fig. 12. The interior and exterior 
edges of each fan seem to be at around 40-50 ° and 
60-70 ° to the axis, respectively, changing only 
slowly with Mach number and frequency. The fan 
edges appear to be quite sharp, though the 
phenomenon is definitely not merely an optical 
effect. Crow and Champagne 82'pp~'552~ observed a 
similar behavior in the broadband surface waves 
radiated in rather deep water by a turbulent sub- 
merged jet, and remark "presumably because of 
their dispersive character the waves were confined 
to narrow sectors at 45 ° to the jet axis". The 
explanation on dispersive grounds seems unlikely 
for the shallow-water experiments, where the 
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plunger frequency bandwidth is small and where 
the case of zero flow accords well with the acoustic 
analogue. If effects of this kind really do occur in 
the acoustical context they will have serious conse- 
quences for our current rudimentary ideas about 
sound propagation out of ducts with flow, though 
they would go some way toward explaining the 
observed directional features of internal noise in jet 
engines, as will be discussed in the next section. 

(iii) The Excess-noise Problem 

Until fairly recently it has been widely assumed 
that the noise fields of jet  engines were correctly 
described by the Lighthill theory, except for such 
obvious features as the tones generated by rotating 
machinery within the engine. Increasingly, how- 
ever, it is now being recognized that while the 
Lighthill predictions are well followed, even down 
to very low exhaust speeds, by experimental data 
from carefully controlled model rigs (e.g. Lush~2~), 
there are very substantial deviations between those 
predictions and the noise fields of real engines. 
These deviations constitute what has become 
known in the U.K. as the "excess-noise problem",  
a problem to which a good deal of attention is 
currently being paid, as it plays a dominant role at 
all except the highest exhaust speeds. 

Excess-noise fields are most readily detectable in 
circumstances where the pure jet mixing noise is 
well down on its peak level, so that excess noise is 
usually thought of as having higher (or, occasion- 
ally, lower) typical frequencies than mixing noise, 
and having a directivity pattern concentrated on 
high angles in the rear arc and throughout the 
forward arc (ahead of the aircraft). That, however, 
may be a misleading picture, as the peak excess 
noise might well be associated with angles and 
frequencies very similar to those of mixing noise, 
as is certainly the case with one kind of excess 
noise which needs separate a t tent ion-- the  "shock- 
associated" noise. This is a phenomenon which 
occurs only in imperfectly expanded (usually under- 
expanded) supersonic jets, where a series of up 
to eight or ten cells form in the exhaust. The 
divisions between the cells are often referred to as 
shock waves, though they have the irrecoverable 
pressure drop of a true shock only within the 
mixing region, and not within the potential core. 
Turbulent eddies convected downstream in the 
mixing region cause the shocks to be deformed, and 
the pressure fluctuations associated with the distor- 
tion of the shock front propagate away as sound. 
Three factors determine the character of the sound 
field. 

Firstly, the sound field generated by the interac- 
tion of a turbulent eddy with a single shock may 
have distinctive directional features. Lighthill ~5~ 
applied his general aerodynamic noise theory to the 
case of turbulence interaction with sound waves 
and weak shock waves, regarding the total velocity 

field as the sum of a turbulence velocity field u s and 
the velocity field u s of the incident sound wave. 
The stress tensor T,~ contains an interaction term 
po(uruS+ uSuf), from which the statistics of the 
scattered sound field can be calculated, given the 
incident sound wave uS=f(x~-aot)~5,, say, and 
the statistics of the turbulence. The calculation 
carried out by Lighthill indicates strong scattering 
in the direction of propagation of the sound wave, 
and in the limiting case of a weak shock wave 
travelling through an infinite turbulent zone, the 
forward scattered sound has inIinite intensity. This 
singular behaviour arises because the weak shock 
and the waves it scatters both travel at the same 
speed, ao, and so there is a resonance in the 
propagation direction which, coupled with the dis- 
continuous pressure change across the shock, leads 
to a continual increase of the forward scattered 
field as the shock penetrates further and further 
into the turbulence. Lighthill removed the singular- 
ity by recognizing that a shock of finite strength 
actually travels at a speed somewhat different from 
a0 (depending on the shock strength). C r o w  t82~ ar- 
gues ,  however, that this non-linear propagation 
effect is extraneous to a first-order scattering 
theory, and proposes a different way round the 
singularity. The term which causes the continual 
growth of the scattered sound can be recognized as 
arising from a Taylor expansion of the position of 
the shock according to "geometrical optics" about 
the position according to the linear acoustics of a 
uniform medium (as, indeed, Lighthill shows in ref. 
5). The "geometrical optics" idea is that the shock 
is carried along by the turbulent eddies, and after a 
time t would have travelled not the distance aot 
appropriate to a uniform medium, but instead the 
distance aot +f'o u rdt. If the shock position is 
corrected to the geometrical optics value at each 
stage (a process often called "renormalization"),  
the large effects due to resonance between the 
shock and its scattered waves are eliminated. While 
this explanation of the singular behaviour as equi- 
valent merely to a phase shift is an appealing one, it 
is open to objection, since the velocity u t r perpen- 
dicular to the shock is not independent of the 
coordinates (x2, x~) in the plane of the shock. Con- 
sequently, the phase shift f'o u~dt is not uniform 
over the shock front, the shock gets distorted, and 
sound must presumably be generated in that pro- 
cess. Indeed, eventually the shock may get so 
corrugated that the whole idea of extracting a phase 
shift may be quite irrelevant, and the large forward 
scattering may then be a real effect. Thus, the 
directivity associated with the interaction of turbul- 
ent eddies with a single initially plane shock is still 
an open question. 

In the second place, a turbulent eddy may retain 
its identity long enough for it to interact with most 
of the shocks in the exhaust. An eddy of scale I and 
fluctuation velocity u, convected at speed tic, 
travels a distance IUc/u in its lifetime l/u, and 
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will therefore interact with about ( I / D ) ( U , / u )  
( M ] -  1) -tt: shocks, since the average shock spacing 
is close to L = D ( M ] - 1 )  m, D being the nozzle 
diameter and Mr the jet Mach number (dependent 
solely upon the pressure ratio across the nozzle, 
and independent of temperature in particular). 
Clearly then, an eddy of the right strength and scale 
will generate several interaction sources in a line, 
the successive sources being very nearly identical 
except for the time delay L/U~. As Harper-Bourne 
and Fisher ~ have shown, and as of course is well 
known in sonar and radar technique, such a phased 
array has, for each frequency, a characteristic 
lobed directivity pattern, established as a balance 
between constructive and destructive interference 
between the sources in the array on the one hand, 
and the intrinsic directivity of the individual 
sources on the other. As we have just seen, the 
intrinsic shock-turbulence directivity is not known, 
and Harper-Bourne and Fisher take it for simplicity 
as uniform, an assumption which they show leads 
to excellent agreement with experiment. Then the 
peak sound field for any frequency occurs at the 
Mach angle cos -~ Mj ' ,  but is not usually observable 
since the mixing noise generally dominates there. 
The other subsidiary peaks are defined by the 
relation 

n U,- 
f L ( I - M ,  cos 0) (10.20) 

in which f is frequency, n is any integer and L is 
the average shock spacing. Harper-Bourne and 
Fisher show, by comparing spectra at various 
angles (in the forward arc, 0 > 90 °, in particular) for 
an underexpanded jet with those for a shock-free jet 
issuing from a convergent-divergent nozzle that the 
"excess noise" is indeed concentrated on spectral 
regions given by (10.20), where n need only take 
the values 1 and 2 for all practical purposes. 

The relation (10.20) follows from simple consid- 
eration of the condition for a general pair of 
sources, say the pth and qth, to interfere construc- 
tively. (As the condition is independent of p and q 
it will therefore hold for all the sources in the 
array.) In an obvious notation, the field of the pth 
source is of the form re ~ exp iko(rp - aot), while that 
of the qth, activated a time (q - p ) L / U ,  later, is 

so that the joint field to O(r -~) is 

r ; '  exp ik.(rp - aot ) 

I [ °° ]} x l + e x p  i k . L ( q - p ) - o - ] . ( l - M , . c o s O  ) I 

The factor within { } has its maximum value when 
k o L ( q  - p ) a J U c ( l  - Mc cos 0) = 2N~r, correspond- 
ing to the Mach angle, for any frequency, when 
N = 0, and to the relation (10.20) when N ¢  0. 

The level of the radiated sound is determined by 
the single shock source, which is not yet adequately 

described by theory. Harper-Bourne and Fisher do, 
however, show that the measured far-field intensity 
of the shock-associated noise is very closely pro- 
portional to /3 ", where /3-'= ( M ] - 1 )  and may be 
interpreted as proportional to the pressure jump 
across a normal shock of upstream Mach number 
Mj--as  might be expected if the interaction source 
were proportional to the shock strength. How the 
frequency spectrum of the sound is related to the 
properties of the turbulence is not yet known, 
however, neither is the role played by the refracting 
shear layer understood. 

A third aspect presents itself sometimes, particu- 
larly with cold jets. That is, that a "feedback cycle" 
can be established, in which a turbulent eddy shed 
from the nozzle collides with a shock, causing a 
sound wave to propagate upstream outside the jet, 
the sound wave releasing another eddy as it passes 
the nozzle. This process generates sound at a 
particular frequency ( U , / L )  ( I + M , ) ' ,  and har- 
monics thereof, and is called "screech". Here the 
flow and its sound field are in a delicate balance 
and, not surprisingly, no rational theory has yet 
been proposed to predict the radiated screech 
levels--and one is hardly needed on technological 
grounds, since the screech is not usually significant 
on hot jets, and the feedback loop is easily broken 
anyway. 

Turning now to excess-noise fields observable 
principally on subsonic jets, it is common to talk of 
"combustion noise" and "tailpipe noise". Combus- 
tion noise typically takes the form of a low- 
frequency roar with more or less uniform directiv- 
ity, while tailpipe noise peaks at high angles in the 
rear arc, and is appreciable throughout the forward 
arc. Theory has something to say about the source 
mechanism in both cases. 

Tailpipe noise is believed to originate, directly or 
indirectly, in the turbine and its exhaust diffuser 
system. Many experiments, both at model scale and 
in real engines, have shown that a further division 
into two processes at least is useful in tailpipe 
noise. Firstly, unsteady forces act on the turbine 
blades and on other obstacles in the tailpipe, and 
produce within the tailpipe a propagating sound 
field. This field can be regarded as composed of a 
series of "duct modes", each of which is diffracted 
through the nozzle to give a far-field directivity of a 
very definite kind for each mode and each fre- 
quency. Typically the directivity has the multi- 
lobed pattern shown schematically in Fig. 13. The 
amplitude along consecutive lobes decreases stead- 
ily as 0 increases, and the level in the forward arc is 
small (always less than that at 90 °) and much more 
uniform than that in the rear arc. These ideas apply 
to the case of no mean flow. It is plausible to argue 
that the effect of a hot flow in the duct and jet 
exhaust is to refract the pattern of Fig. 13 until the 
main lobe emerges at around 60-70 ° to the exhaust, 
in typical conditions. That would then be consistent 
with many observations of high-angle excess noise, 
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and also with tests (Hoch and Hawkins ':~') which 
showed that the peak field at around 60-70 ° is 
appreciably attenuated if the interior walls of the 
duct are lined with sound-absorbent material. 

Fl(;. 13. Schematic of typical polar intensity distribution 
generated by a mode incident upon a duct mouth, in the 

absence of mean flow. 

We can usefully call this kind of field an "inter- 
nal" noise field. In real engines it covers a typical 
frequency range from 2 to 10kHz, and for such 
frequencies the Helmholtz number koD is always 
large. The radiation pattern therefore always takes 
the form of many lobes concentrated in the rear 
arc, rather than the uniform monopole type of 
directivity which a duct exit would produce at very 
low values of koD. 

Obstacles within the tailpipe have hydrodynamic 
effects as well as acoustic, In particular, as first 
argued by Ffowcs Williams and Gordon, 'g~j turbul- 
ent wakes shed from such obstacles may interact 
with the nozzle, producing axial and transverse 
thrust variations equivalent to dipole noise sources, 
and mass flow variations equivalent to monopole 
sources. Interaction fields of this kind have been 
described in Section 7. It is characteristic of such 
interactions that they produce sound fields peaking 
in the upstream or sideline directions (cf. 
(7.18)-(7.21)). Many experiments also show, qual- 
itatively, the existence of fields of this kind. In 
particular, Hoch and Hawkins '2'' describe experi- 
ments in which a honeycomb flow straightener was 
inserted in a tailpipe, resulting in attenuations 
which increased steadily into the forward arc. 

Clearly, the internal characteristics of an engine 
determine the degree to which "internal" or 
"nozzle-based" sources are present, so that there is 
no hope of describing more than the basic features 
which excess noise fields must have if they happen 
to be generated in a given engine. One such feature 
of vital importance is connected with the behaviour 
of excess-noise fields in flight. At the time when the 
Lighthill theory was expected to be directly applic- 
able to real engines it was also anticipated that 
forward aircraft flight would reduce the noise, 
because of the reduced shear across the jet mixing 
region. As time goes on the validity of that expecta- 
tion becomes more and more questionable, partly 
because of the existence of excess-noise sources 
which need not be subject to any "relative velocity 
reduction" in flight. Indeed, some excess-noise 
fields are positively amplified by flight. Any source 
whose strength is unchanged by flight and which is 
attached to the aircraft, rather than convected 
downstream in the exhaust, is likely to generate a 

field which is increased in flight by the Doppler 
effect in the forward arc. If Mo is the aircraft flight 
Mach number, the intensity produced by such an 
excess noise source is increased above its static 
value by (1 + M~ cos 0)-", 0 being measured from 
the exhaust and the value of n depending upon the 
precise type of source. The shock-turbulence in- 
teraction source is hardly altered at low values of 
M~ and constitutes a source attached to the air- 
craft, so that its field should be amplified ahead of 
the aircraft. The appropriate value of n is not 
known theoretically, but seems to be around 4 from 
experiment. That is the value which is associated 
with either a monopole or a dipole in convected 
motion (Morse and Ingard'77'), and one might there- 
fore expect "nozzle-based" sources to generate an 
intensity amplified by (1 + Md cos 0) -~ also, since 
the nozzle-based sources are equivalent to dipole 
and monopoles across the exit plane (CrightonC~9'). 
This inverse fourth power of the aircraft Doppler 
factor appears to correlate forward arc flight data 
quite well (Hoch and Hawkins':5'), but again, it 
cannot be universally valid. For if internal noise 
sources were the dominant feature in a particular 
engine one would not expect their field to exhibit 
the Doppler factor increase. A source hidden deep 
within the jetpipe (i.e. several wavelengths from the 
exit) would, according to the principle of p. 53, be 
unaware of the flight of the jetpipe, and would not 
therefore have an increased power in flight at any 
rate. That, of course, is not to say that the intensity 
at particular angles will not be increased by flight, 
so that there are obviously a number of issues still 
to be worked out before the purely acoustic conse- 
quences of flight are fully understood. The impor- 
tance of the problem is obvious, however. If the 
mixing noise suffers, say, a 3-dB attenuation in the 
forward arc while the excess noise rises by 3-dB 
because of flight, then it is possible to have situa- 
tions in which the noise in flight in the forward arc 
is dominated by a source which produces an unde- 
tectably small field statically, a possibility which 
could mean that all static forward arc data are 
irrelevant unless the excess noise levels can be 
predicted. 

Combustion noise is a phenomenon which has 
received much less study than the various forms of 
tailpipe noise. Most of the experimental data taken 
so far relate to the noise of flames from small 
burners in free field. In all cases, the combustion 
noise is identifiable as a low-frequency roar, involv- 
ing frequencies less than about 1500 Hz even in 
very small-scale flows where one might have antici- 
pated frequencies many octaves higher. Combus- 
tion noise is also nearly uniform in angle, the 
variation of the intensity with angle being generally 
less than 3 dB over the whole field. In the few 
published studies involving complete small gas- 
turbine engines, it has been shown that these fea- 
tures of the noise of the combustion can in free 
field--and indeed, the absolute level of the combus- 
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tion noise i tself--are preserved when the can forms 
part of a complete engine, though perhaps this is 
not all that surprising in view of the very long 
wavelengths involved. 

Theoretical studies of combustion noise are still 
somewhat rudimentary. Ffowcs Williams "4'~5~ and 
Strahle c~ have, from rather different viewpoints, 
arrived at the same expression for the combustion 
noise source term in Lighthill 's theory. The situa- 
tion is, Of course, one in which the stress tensor is 
dominated by (p - agp)3~j rather than pumj, and one 
in which density changes are forced by heat addi- 
tion, rather than driven isentropically by the un- 
steady hydrodynamic pressure. In fact the process 
is one in which changes in p are completely negligi- 
ble compared with the changes in ago caused by 
heat addition provided, as experiment shows is 
certainly the case, the scale of each coherent 
combustion region is small compared with the 
typical wavelength )t of the radiated sound (based 
on the typical frequency and the sound speed ao in 
the quiescent fluid). To see why this is, imagine the 
coherent region over which the forced expansion 
takes place as a sphere of mean radius R0, whose 
radial velocity is related to the average rate of 
change of density within the sphere by 

_~ Ro Op 
3pro Ot" 

Then if toRola~, ~ 1, where to is the typical fre- 
quency and am the local sound speed, this surface 
motion is equivalent to a compact monopole with 
potential 

0O R~ --~(t -f lare) 
4~ = 3pm r 

from which it follows that I op/ot(Ro)] = 
lto2Rg IOoIOt] and so that 
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This implies that the solution to the Lighthill equa- 
tion .is 

I [ ' 0 2 0 (  x )  
p(x, t) = - ~-~]-~T y, t - a 0  d r ,  

(10.21) 
a result identical with (8.8), which was derived for 
the case of density fluctuations driven by the 
unsteady pressure field in a fluid of very low sound 
speed. Since the forcing mechanism is different in 
the two cases, the quadrupole m 4 law does not, 
however, follow from (10.21) as it does from (8.8). 

The source term in (10.21), while having an 
evident physical interpretation, can more profitably 
be related either to the entropy S per unit mass or to 
the rate of heat addition oQ/ot per unit mass. For, 

according to (8.18), 

Op_ 1 0 p  p OS 
-~--d-~O-[ co at 

and since am will be larger than ao, the first term on 
the right will certainly be small compared with 
Op/Ot. Thus 

+ 1 pm rO2S[ x 
p(x, t) = ~ p J - ~ r  ~y, t - ~ 0 )  d r  (10.22) 

which is identical in form, though not in implica- 
tion, with the expression proposed by Lush and 
Fisher to explain the noise of low-speed hot jets (cf. 
Section 8). There the entropy variations were sup- 
posed to arise from intense dissipative effects in 
turbulent flow, whereas here they are caused di- 
rectly by heat addition from the burning reaction. 
That point is best emphasized by rewriting (10.22) 
in terms of oQ/ot, through which the specific 
entropy S is defined by the relation 
(Batchelor ~*.27~) 

DQ DS 
Dt - T--~-{, 

where T is the temperature. Since this involves the 
material derivatives, a simple relation can be ob- 
tained only by neglecting second-order perturba- 
tion effects and bulk convection effects caused by 
a mean flow. Then (10.22) becomes 

p , , , ( v  - I )  ; a~Q, p(x, t) = ~ j ~ - r  ty, t - x lao)  dy 

- 1 OH = ~ -~-i-(t - x/ao) (10.23) 

aQ 
where H(t)= f pm-~-(y, tldy 

is the total rate of heat addition to the whole flow. 
The dimensional variations which result from 

this expression are still the subject of debate. For 
example, the typical frequency u/I may be based 
upon either the laminar flame speed or the eddy 
fluctuation velocity, depending upon the cir- 
cumstances. As far as free-field flames are con- 
cerned, Strahle ~ sums up the evidence for the 
intensity variation as involving a flow velocity 
exponent between I and 4, a laminar flame speed 
exponent between ~ and ~, and a length scale 
exponent between 1 and 3. For  combustion noise in 
turbomachinery the possibilities are even wider. 
Ffowcs Williams "'~ shows that afterburning in a 
turbojet produces combustion noise with an eighth 
power intensity dependence on exhaust speed, and 
this will dominate the Reynolds stress quadrupole 
field if more than about half the fuel consumption 
takes place in the afterburning. 

One final aspect of excess noise deserves men- 
tion here, and a fuller discussion in the next section. 
That concerns the now widespread realization that 
a turbulent jet is unstable, and sensitive to up- 
stream perturbations at Strouhal numbers around 
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that at which jet noise peaks. Thus if in a particular 
engine the upstream perturbations are especially 
well matched to the instability modes of the jet, the 
jet will develop a large amplitude coherent struc- 
ture in response, and may then act as a "high-gain 
amplifier" of internal noise. Indeed Crow, "~ to 
whom this idea is really due, conducted a simple 
experiment, though not one completely free of 
contention, to show that an internal tone could be 
amplified by as much as 30 dB in the far-field at 
angles and frequencies at which one would nor- 
mally assume "pure mixing noise" to be dominant. 
If that is the case in practice, even the peak mixing 
noise must suffer from an "excess-noise problem" 
which puts the relevance of the datum pure mixing 
noise from clean model rigs into question. 

(iv) Jet Instability, and Orderly Jet Structure 

Laminar jets at low Reynolds number are well 
known to be unstable, and sensitive to external 
disturbances. Until recently, the possibility that 
fully turbulent jets at Reynolds numbers of tech- 
nological interest (above 10 5) might also display a 
large-scale quasi-deterministic structure arising 
from the instability of the mean velocity profile has 
been discounted, although the realization of that 
possibility is now a well-established fact. 

Mollo-Christensen ~87~ measured the pressure fluc- 
tuations outside a fully turbulent jet, and found that 
they were composed of well-defined wave packets 
in which the dominant frequency components pre- 
served their phase relationships over considerable 
axial distances. The wave packets all had the same 
kind of simple structure, and the only really random 
element lay in the positions and times at which the 
packets were created. The study of near-field pres- 
sure fluctuations to discover features of the coher- 
ent structure of jets has subsequently been greatly 
extended by Lau et al. ~8~ and by Fuchsfl 9~ Ronne- 
berger ~2~ measured by the reflection coefficient R,  
for the pressure wave reflected back down a circu- 
lar duct when a plane wave is incident upon the 
duct mouth from inside the duct. He found that, 
while R ,  decreased steadily from I to 0 as the 
Helmholtz number fD/ao increased from 0 to 
when there is no flow, the effect of a nearly uniform 
flow in the duct and jet exhaust was to increase R ,  
above unity, to a peak value occurring at values of 
fD/ao and Mach number Uo/ao which give the 
Strouhal number fD/Uo a value around 0.3. At this 
condition, unsteady vortex shedding from the noz- 
zle became particularly intense. Crow and Cham- 
pagne ~s2~ also forced a jet with a plane wave incident 
from within the tailpipe, but measured instead the 
jet response outside the duct through hot-wire 
velocimetry, giving a comprehensive set of meas- 
urements of the jet response at various axial sta- 
tions, various Strouhal numbers and various forc- 
ing amplitudes. None of the above experiments 
involved Reynolds numbers much above 10 ~, but 

any fears that the instability phenomenon will 
disappear at much higher Reynolds numbers are 
shown to be unfounded by the experiments con- 
ducted by Crow "~ at Reynolds numbers in excess of 
10 7" 

For definiteness we refer now to the specific 
results of Crow and Champagne. In their tests, the 
jet emerged from the nozzle with a mean velocity 
profile very close to the "top-hat" form, and with 
negligible upstream perturbations except for those 
deliberately introduced to force the jet. It was 
shown that, in response to the forcing, the jet can 
support axisymmetric dispersive waves, of which 
the one with a Strouhal number St =fD/Uo= 0.3 
suffers the greatest total downstream amplification. 
That maximum amplification is attained about 4 
diameters downstream from the nozzle. Modes 
with St less than 0.3 do not attain their greatest 
amplitude until further downstream--at  x = 9D 
approximately for St = 0.15, while higher frequen- 
cies reach their greatest amplitude nearer the 
nozzle--at x = 3D for St = 0.5, for example. 

The "preferred mode" with St = 0.3 was shown 
to be governed by an essentially linear process 
throughout its growth to peak amplitude, except at 
the highest levels of upstream forcing (specified by 
the ratio of fluctuation velocity amplitude u0 to 
mean exhaust velocity U0, both of these being 
uniform across the nozzle exit). Those highest 
levels correspond to a net mass flow fluctuation of 
2--4%, and would clearly be excessive in practical 
terms. For realistic coherent fluctuation levels of 
the order of 1% or less the jet responds in a linear 
manner. 

The total amplification of the preferred mode is 
large. A uniform 1% velocity fluctuation udUo at 
the nozzle, with St = 0.3, is amplified on the centre- 
line at x = 4D to 10% of the exit velocity, while a 
saturation amplitude around 18% of the exit veloc- 
ity is reached when the exit plane forcing is 4%. 
Non-linear creation of harmonics then restricts the 
peak amplitude of the fundamental to 18% U0 
regardless of the forcing level at the exit plane. 
Modes with St less than 0.3 are not amplified to 
nearly the same extent, the effect of a 2% forcing at 
St=0.15 being already negligible. Modes with St 
greater than 0.3 are considerably amplified, how- 
ever. For example, the mode with St = 0.5, forced 
with uo/Uo=2%, attains a peak amplitude of 
10% U0, not so different from the 17% Uo attained by 
the preferred mode under 2% forcing. 

The amplitude of the preferred mode increases 
exponentially with downstream distance over an 
interval of, say, D < x < 3D. When x ~< D the wave 
structure is strongly influenced by the nozzle from 
which the periodic vortex shedding takes place, 
while when x > 3D several effects must be ex- 
pected to prevent exponential growth from occur- 
ring, as will be discussed in a moment. There i s ,  
however, a limited interval over which the pre- 
ferred mode behaves as if it were propagating 



86 D.G.  CRIGHTON 

and amplifying on a doubly infinite parallel flow, 
and there the centreline axial fluctuation velocity 
component  can be written as u, = 
llo exp ax cos (2~-/A)(x - ct) with values of the 
phase speed c, wavelength A and spatial amplifica- 
tion rate a which are found from the exper iments  
to be c = 0.71U0, A = 2.38D and a = 1.16D -~. Crow 
and Champagne also measured the value of c as a 
function of St, or equivalently of D/A, by forcing 
the jet at different Strouhal numbers and observing 
the response over  this limited range of exponential  
growth. They were, however ,  unable to find an 
explanation on linear theory for the existence of a 
preferred mode with St = 0.3, and were unable to 
reconcile the theory of spatially growing instability 

Considering incompressible  axisymmetr ic  flow, a 
stream funct ion qJ(r, x, t) can be defined as usual so 
that the axial and radial velocit ies are 

l l x  - -  - -  - -  l i t  - -  r Or' r ax" 

the mean flow being defined by u~ = U ( r ) =  
( l / r ) (a lOr)~(r) .  Then if t/,' denotes  a perturbat ion 
stream function,  the linearized Nav ie r -S tokes  equa- 
tions have coefficients independent  of x and t, and 
so admit solutions of the form 

4" = Acb(r) exp i (ax - tot) (10.24) 

provided a and to are related by a characteristic 
equation 

L ( a ,  to) = 0, (10.25) 
waves  on a top-hat velocity profile with the meas- 
ured variation of phase speed with D/A. Indeed which ensures that the Rayleigh equation (i.e. the 
they give a plausible physical description of a inviscid form of the Or r -Sommer fe ld  equation) 
non-linear mechanism to account  for the behaviour  
of the preferred mode, and suggest that the waves  
which amplify downstream in experiment  are more 
correctly modelled by temporally growing modes 
seen from a reference frame moving with the 
wave phase velocity,  than as modes with un- 
bounded exponential  growth with downstream dis- 
tance. We believe, however ,  that these object ions 
to the re levance of spatial instability modes cannot 
be upheld, and, as we shall show below, the linear 
theory of spatially amplified instabilities does lead 
to predictions in very good agreement  with the 
measurements  of Crow and Champagne provided 
the right mean velocity profile is used. In particular, 
exponential  growth of the modes takes place only 
over  a limited region around x = 2D, and the experi-  
mental data taken there should be compared with 
theoretical predictions based on the mean velocity 
profile at x = 2D, and not on the top-hat profile 
which the flow has very close to the nozzle. Typical 
mean velocity profiles at x = 0, x = 2D and x = 8D 
(beyond the highly sheared mixing region) are 
shown in Fig. 14. The predictions of spatial instabil- 
ity theory applied to these profiles as if they were the 
profiles o f  a doubly infinite parallel f low are very 
different. 

U 
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FIG. 14. Mean velocity profiles of the kind measured by 
Crow and Champagne, at axial stations (l) x/D = 0, (2) 
x/D = 2, (3) x/D = 8 (beyond the end of the potential 

core). 

_ 2 a 

has a solution in which the eigenfunct ion 05(r) 
satisfies physically reasonable condit ions as r ~ 0  
and r ~zc.  Temporal ly  unstable (or stable) modes 
have a real assigned wavenumber  a, to which 
correspond one or more values of w, from (10.25), 
these values being complex in general,  to = (3Jr -}- ito,. 
An unstable mode has to~ > 0 ,  a stable mode has 
to~ < 0, and a neutral mode has to, = 0. Spatially 
unstable modes  have a real assigned f requency  to, 
to which correspond one or more complex  
wavenumbers  a = ar + ia,, so that ~ '  = 
A ~ ( r )  exp ( - a~x) exp iar(x - ( to/a,)t) ,  giving the 
relat ions 

- a, = a, a, = 2~-/A, c = to/a,  

with the parameters  (a, A, c)  defined earlier. Much 
of the literature on hydrodynamic  stability con- 
cerns temporal ly  growing modes,  and of course  
these are obviously  relevant  in such problems as 
the convec t ive  instability due to heating of a layer 
of fluid. Moreover ,  the l inearization of the equa- 
tions of  motion is consis tent  with temporal  growth,  
at any rate for a small enough time interval,  but not 
with the unbounded exponential  growth permit ted 
by spatial theory.  None  the less, the predict ions of 
spatial instability theory have been shown to agree 
much bet ter  with exper iment  in several  free shear 
flows, and there is no reason to suppose otherwise  
in the jet  problem. 

Figure 15 shows representa t ive  results for the 
variat ion of spatial amplification rate ( - a ~ )  with 
Strouhal number.  The straight line denoted by ® is 
that for the plane vor tex  sheet, to which the top-hat 
profile result @ asymptotes  at high frequencies .  In 
fact the top-hat results differ only little f rom those 
for the plane vor tex  sheet,  even at low f requencies  
where the growth is somewhat  inhibited by the 
finite scale D of the top-hat profile. Clearly,  there is 
no "mos t  rapidly amplif ied" mode for (9 and ®. 
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Fff;. 15. Spatial amplification rate as a function of Strouhal 
number for (1) infinite plane vortex sheet. (2) top-hat 
cylindrical vortex sheet, as at x/D = 0, (3) jet shear flow 
profile as found at x/D - 2. A branch of the type (4) arises 

in a similar manner for both the profiles (2) and (3). 

Such a mode is singled out if the cylindrical jet 
vortex sheet has a finite thickness, as it does in the 
profile @ of Fig. 14, taken at x = 2D. When the 
Strouhal number exceeds a critical value Stc, the 
wavelength h decreases beyond a critical value 
comparable with the shear layer thickness, and the 
flow is stable to axisymmetric disturbances with 
St > St,. Thus curve Q of Fig. 15 arises, in which 
the mode with St = St,, is maximally amplified. By 
taking a velocity profile which very closely 
matched that measured at x = 2 D  by Crow and 
Champagne, and carrying out the numerical deter- 
mination of &(r) and a(to), Michalkd ~°~ showed 
that the value of St,, was equal to the measured 
value, 0.30, to within the accuracy of the experi- 
ments. Michalke also computed the phase speed c 
as a function of St, and showed again a remarkable 
agreement with the measurements. The results for 
the top-hat profile bear little resemblance to those 
calculated by Michalke; the influence of the finite 
thickness of the shear layer is surprisingly strong 
(even when it is as small as 10% of the jet radius, as 
is the case around x = 2D) and provides an expla- 
nation on linear theory for the preferred mode. 
Since, however, the value of St~ is sensitive to the 
ratio of shear layer thickness to jet radius, the value 
St~ =0.30 cannot be universal as seems to be 
implied by Crow and Champagne. Values smaller 
than 0.2 would seem to be unlikely, requiring an 
unusually thick mixing layer around x = 2D, but 
values as high as 0.5 seem quite possible, and would 
be consistent with several observations other than 
those of Crow and Champagne. 

Two other features of Fig. 15 need attention. For 
small values of St, and for either the top-hat profile 
or the profile at x = 2D, there are two values of a 
for each to, and both correspond to amplified 
modes. These modes have very long wavelength 
(A > 14D) and are not sensitive to the finite thick- 
ness of the jet shear layer, so that curve ® serves 
for both profiles. Because the wavelength is so long 
that the "parallel flow approximation" does not 
hold for these modes, it is unlikely that they have 
any practical significance. Secondly, no curve has 
been shown on Fig. 15 for the profile (® of Fig. 14) 
found downstream of the potential core. That is 

because a bell-shaped profile of that kind, charac- 
teristic of fully developed turbulent jet flow, is 
stable to all axisymmetric perturbations (though, of 
course, if regarded as the profile of a two- 
dimensional jet would be unstable by the well- 
known Rayleigh inflection point criterion). 

We have shown so far how theory is capable of 
explaining the observed behaviour in the region 
near x = 2D. Close to the nozzle the influence of 
the jet-pipe must be taken into account, though it is 
then presumably adequate to represent the velocity 
profile by a top-hat. The problem of a shear layer 
leaving a splitter plate and developing a spatial 
Helmholtz instability has been examined by Orszag 
and Crow, ~gn and the acoustic aspects of that prob- 
lem, and of the analogous problem of the top-hat jet 
issuing from a circular pipe, were examined by 
Crighton ~"'49~ and discussed in Section 7 above. 
Developments of that kind of work to include the 
effects of upstream forcing are needed to predict 
the increase above unity of the duct end reflection 
coefficient as observed by Ronneberger. ~2~ 

Downstream of the region of exponential growth, 
the measured disturbances attain peak values 
around the end of the potential core. For forcing 
levels uo/Uo less than 1%, the peak amplitudes 
increase linearly with forcing amplitude, whereas 
for forcing levels much higher than 1% the peak 
amplitudes are essentially independent of the forc- 
ing level. This clearly points to a non-linear satura- 
tion effect causing the amplitude limitation at high 
forcing levels, but suggests that linear theory 
should still work at low values of Uo/Uo. Crow and 
Champagne suggest two possible linear mechan- 
isms for curtailing the exponential growth which 
occurs on the assumption of parallel inviscid flow: 
(i) the disturbance propagates downstream to reg- 
ions in which the slowly diverging jet flow is stable, 
(ii) fine-scale background turbulence acts as an 
eddy viscosity which becomes so large by the end 
of the potential core that the wave is damped out 
there. The second idea is difficult to quantify, even 
with the help of Crow's viscoelastic turbulence 
model, ~67'~ whereas the effects of slowly changing 
mean flow on stability modes have recently been 
examined by many workers in a number of prob- 
lems, including those of boundary-layer flow and 
slowly diverging channel and wake flow (see, for 
example, Bouthier~92~). For the slowly diverging jet, 
the mean flow is defined by a stream function 
~(r, X), where X = ex is a slow variable and the 
small parameter e measures the rate of divergence 
of the flow. Over an interval of x such that X ~ 1 
the flow is locally parallel and the form ~0'= 
A4J(r) exp i ( t~x-  tot) must apply. But over values 
of x as large as e -t, substantial cumulative changes 
occur which are most easily treated by the "multi- 
ple scales" method. Bouthier ~ has applied this 
technique to the boundary-layer problem, while 
Gaster and Crighton ~93~ have treated the axisymmet- 
tic jet with a mean flow ~(r, X) which resembles 
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that measured by Crow and Champagne. The up- 
shot of the method is that a uniformly valid expres- 
sion for the perturbation is of the form 

¢ ' = A (X)4a(r, X) exp ( i f [  a(X)  dx - itot} 
(10.27) 

where a(X)  and ~b(r, X) are the wavenumber and 
eigenfunction calculated from a locally parallel flow 
at station X, i.e. the solutions of (10.25) and (10.26) 
with X a parameter throughout. The factor A (X) 
satisfies a certain equation of the form 

aA + p (X)A = 0 (10.28) 

where p(X) is prescribed by the theory but, like 
ct(X) and ~b(r, X), can only be found numerically in 
general. Note that if x <~ •-~, (10.27) reproduces the 
parallel flow form qJ' = Ack(r) exp i(ax - tot). Note 
also that amplitude and phase information is con- 
tained in each of the three factors in (10.27), so that 
only definite quantities like, for example, the mean 
square centreline velocity, which are independent 
of the way in which tb(r, X) is normalized, should 
be compared with experiment, as none of the 
factors in (10.27) has an independent physical 
meaning. 

Preliminary calculations indicate, however, that 
the disturbance is bounded because of the exponen- 
tial factor, the other factors A(X)6(r ,  X) varying 
less rapidly. Therefore the peak levels occur near 
the station X~ where a , (X~)=0,  i.e. where the 
mean profile first becomes stable to an axisymmet- 
ric disturbance of frequency to. At Strouhal num- 
bers around Sty, Xc lies around 4D, where the 
potential core ends and the velocity profile begins 
to develop the smooth bell-shape of Fig. 14, ®. 
Comparison of the predicted peak levels with the 
measurements is also reasonably good, bearing in 
mind that the theory is an asymptotic one for • ~ 0 
and yet is being applied to a situation in which • is 
about 0.2. Beyond the station X~(to) the modes 
decay, but the history of a decaying mode cannot 
be correctly predicted by inviscid equations. That 
leads to some as yet unresolved difficulties, as to 
whether small molecular diffusive effects should be 
included or whether the effective viscosity is a 
much higher eddy viscosity. But at any rate, it 
seems clear that the initial interaction of the top-hat 
jet with the jet-pipe, the exponential growth around 
x = 2D and the subsequent levelling off around the 
end of the potential core can all be described in 
terms of purely linear mechanisms except at im- 
practicably large levels of forcing. 

Now the position of all the work on orderly jet 
structure is as yet not clear in relation to jet noise. 
In the excess noise context it is clear that if there 
are levels of coherent forcing over the nozzle exit 
greater than I% at Strouhal numbers around St,. 
then two kinds of excess noise will be significant. 
Firstly, the interaction sound field caused by un- 

steady vortex shedding from the nozzle should be 
appreciable at high angles to the jet, and in the 
forward arc. Secondly, the instability waves may 
themselves generate a powerful field in the rear arc, 
acting as a "line antenna" or a "high-gain amplifier" 
of an internal tone. A 30-dB gain of this kind was 
found experimentally by Crow, "~ who also showed 
that a gain very close to this is predicted by the 
exact evaluation of Lighthill 's integral for the 
sound field, with a simple representation of the 
velocity field based on the Crow and Champagne 
measurements of the "preferred mode". This 
model is so simple, and the effects predicted so 
large, that it is worth elaboration here. 

Let k and c be the real part of the wavenumber,  
and the phase speed of an axisymmetric jet mode. 
Neglect the presence of the jet pipe, and take 
coordinates so that the maximum velocity amp- 
litude um is attained at x = 0. The amplification, 
levelling off and subsequent decay of the mode can 
be simulated by an overall factor exp(-x2/b2),  
where b is much greater than the diameter D of the 
jet column. Thus Crow represents the total velocity 
field of the jet in the following way: 

X" 
U, ~ Uo dv Um exp [ -  ~-~+ ik(x - ct)} 

= 0  

(10.29) 

(r 
while u2 = u3 -- 0 everywhere. The stress tensor T~j 
has only a T ,  term, of which the dominant element 
is that arising from the coupling between the mean 
and fluctuating velocities, 

TH-2poUou,, e x p { - ~ , + i k ( x - c t ) } .  

For this element, the Lighthill integral 

1 • 0 '  p(x, t )= ~ cos" 0~-7~ 

×f T,,(y,t-lx:oYl) dy 
can be evaluated, without neglect of retarded time 
differences, as 

^/c" Uou~ ~ ( kD )2 ~xJ e -~"-I'~°°' P -  - '  c°s2 "U-W-0)  

xf*~exp(_~ -~-~+Y: i k y ( 1 - ~ 0 c o s 0 ) } d y ,  

from which the intensity follows as 
] 9  2 

I= poao-~ cos 40(kD)4-~  M4ceZM~ 
I'"l 

× exp { -  ~kZbZ(1 - Mc cos 0)2}. (10.30) 

Here • = urn~U o, Mo is the flow Mach number 
Uo/ao, and Mc is the Mach number c/ao of the wave 
train. In the Crow and Champagne experiments,  
kD = 2.6, Mc = 0.7M0 for the preferred mode, while 
for a 1% exit plane forcing uo/Uo, • is slightly 
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greater than 0.1. A value of/3 around 4D appears to 
be reasonable. 

Several features are apparent in (10.30). If ¢ is 
assumed to be independent of M0, then (10.30) 
predicts an eight power law for the intensity as a 
function of M0 when M0'~ 1, while if the forcing u0 
is assumed to be prescribed independently of U0, as 
might well be the case for an internal engine tone, 
then I ~ U~, as of course is clear from the original 
Lighthill integral. The field, when M0 ~ 1, is just 
that of a typical longitudinal quadrupole. When 
Mo> 1.42 the wave train has supersonic phase 
speed, and the sound field is dominated by the 
beaming effect along the Mach wave direction 
0 = cos-' M~-'. 

A convenient reference for the intensity is the 
so-called "aperture radiation", defined as the radia- 
tion from a rigid circular piston of diameter D 
mounted in an infinite plane rigid baffle, the piston 
oscillating with the velocity amplitude u0 which the 
flow has at the nozzle exit plane. This is easily 
calculated (Morse and Ingard <77"p38") as 

I,=~poaou2M2c(kD)2 ~ [ MckD sin 0 ] 

and gives a formula 

~J = -rr cos 40(kb)2MZcM2 (u--~ 2 \Uo/ 
× exp {-~k2b~(1- Mc cos 0) z} 

I_[Jt(2M~kDMckD sinSin0 0)]:  (10.31) 

for the "acoustic gain" ~J = I/L. ~ is a measure of 
the acoustic energy gained from the mean flow via 
the instability excited by the exit plane forcing. 
(Note, of course, that this ~3 does not include the 
gain due to interaction of the instability with the 
nozzle, but only the primary gain due to the insta- 
bility on a doubly-infinite jet.) The maximum gain 
occurs at the Mach angle, if this exists, and there it 
is extremely large. With the values of kD, b/D, 
um/uo quoted earlier, and values of M0, M~ of order 
unity, ~3 has a value around 104. 

At this stage one may wonder whether (10.29) 
and (10.30) do not amount to a theory of jet mixing 
noise, as it might be found in jet engines with 
appreciable tailpipe disturbances, rather than a 
theory of internal noise. It has long been assumed 
that, however large the tailpipe disturbances, the 
intense turbulence created in the mixing layer must 
produce the dominant source of rear-arc noise. 
Doubt is cast on that assumption by the clear 
theoretical and experimental evidence that, at fre- 
quencies and angles characteristic of "jet mixing 
noise", the jet instability can act as a 30-dB amp- 
lifier of tailpipe disturbances. If the jet is principally 
an amplifier of internal noise it is clear that new 
possibilities for silencing are opened up, in particu- 
lar through the control of the mean flow charac- 
teristics which determine the unstable modes, and 
through them the gain function ~J. 

That is a suitably speculative point on which to 
conclude this review, in which we have tried to 
outline fundamental effects and problems, and to 
explain in a simple and consistent way how theory 
can improve our understanding of them. The Light- 
hill theory has shown itself to be invaluable, not 
least because of the very wide range of effects 
where it has something useful to say. That, of 
course, is not to say that other viewpoints have not 
proved equally useful in particular contexts, though 
few would claim that a unified view of all the topics 
covered here could be attempted on the basis of 
any rival theory. We have tried also to bring out the 
aspects in which present theory is inadequate and 
to describe the directions of current research. In 
that connection, the final topic treated above must 
be seen as offering a fresh chance for jet noise 
suppression and a new opportunity for theoretical 
studies to play a useful part. 
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APPENDIX 

Summary of Relevant Mathematical Results 

In much of flow noise analysis, as with other 
problems governed by linear inhomogeneous equa- 
tions, it is often convenient to make use of general- 
ized functions. We are dealing with a linear wave- 
type process driven by some kind of source dis- 
tribution in space and in time. Because of the linear- 
ity, it is convenient first to consider the source as 
concentrated entirely at one point of space, and 
also perhaps at one point of time, and then to 
superpose these primitive sources to get the field 
resulting from the actual source distribution. 
Mathematically, this amounts to specifying the 
source strength only as a generalized function, in 
which case the radiated field is usually also a 
generalized function which may or may not have 
physical relevance. Physical significance is only 
assured when the generalized nature is removed by 
integrating the result for the concentrated source 
over the real extended source region. 

Generalized functions (see Lighthill, ~ '  Gel'fand 
and Shilov ~95~ or Jones ~') are defined only through 
their integral properties, so that two generalized 
functions which have the same integral properties 
are regarded as identical. In general, one cannot ask 
for the value of a generalized function at any 
particular point, only for values involving integrals 
of the function. 
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We need only a few particular generalized func- 
tions and their properties. Firstly, the Heaviside 
unit function is defined by the relation 

f _ [~H(x )G(x )dx=fo~G(x)dx ,  (A.1) 

where G(x) is any ordinary function which is 
suitably regular everywhere and vanishes fast 
enough as Ix I-0~¢. Clearly, (A.1)is satisfied if H(x) 
is the ordinary function 

H(x)  = 1 x > 0  

= 0  x <O, 

though the value of H(x) could be altered arbitrar- 
ily at any of a countably infinite set of values of x 
without in any way changing the value of the integral 
in (A.I). This is the sense in which the value of a 
generalized function at any point is not unique--  
though, of course, one usually associates H(x) with 
the ordinary step function above. 

The Dirac &function is defined by 

f[~ 6(x)G(x)d .e=  G(0). (A.2) 

No ordinary function has this property, but there 
are many sequences of ordinary functions which 
approach it closely. For example, 

= 

where 

or where 

fN(x ) = ( N f n  exp ( - Nx ') 

sin Nx 1 N 
f, dx)  = or fN (x) = - -  . .--:~--r---r. wx "n" N ' x ' +  I 

As N increases, the functions fs. become increas- 
ingly large at x = 0, and away from x = 0 either 
decrease rapidly, or oscillate rapidly, so that in each 
case the major contribution to the integral (A.2) 
comes from near x = O. 

An important property of these functions is that 

dH (x) 
dx - 6(x), (A.3) 

for 

f +" d H (x) dx G(x) dx= [H(x)G(x)]:: 

- f _ [ ' m x )  dG(X)dx de. 

£ ~ dG 
= - - ~ x  dx by (A.1)  

= G(0 ) .  

Therefore, by (A.2), 

H'(x)  = 8(x). 

Other properties of 6 which are easily proved are 

f " * ' 6 ( x - a ) G ( x )  G(a),  a n y e  dx= >0, 

fo ~ dx !G(O). (Jones '~~ '~°~). 8(x)G(x)  

Derivatives of 6 are also defined, and their integral 
properties follow at once from integration by parts: 

f7 F(x)8'"'(x) dx = ( -  I)" F'"'(x)6(x) dx 

= ( -  1)"F'"'(0). 

When the argument of 8 is itself a function of x, 
integrals can be evaluated by the usual change of 
variable. Thus, in 

£[~ F(x )6{g(.e )} dx, 

suppose for the moment that g (x) has only one zero, 
at x = x*, and that g increases from negative to 
positive as x goes from - x  to + x .  Then, change 
variables from x to g to get 

f >" F(x)8(g)  _ F(x*) 
,, (dg/dx) dg g'(x*)" 

If g'(x*) is negative, the limits of integration are 
reversed, and the net effect is the same as replacing 
g'(x*) by ]g'(x*) I. If g(x) has several zeroes, we 
treat each independently and get 

dx = E VC * /Ig'Ce*/I 
(A.4) 

with the sum over all x* for which g (x* )=0 .  
We can extend the definition of a delta function to 

n -dimensions immediately. If x is an n-vector, then 

f [ ~ 8 ( x ) G ( x ) d x = G ( O )  

is the fundamental property of 6. For the work of 
Section 5, we need the two-dimensional formula 
analogous to (A.4). Suppose we have an integral of 
the form 

f [~ F(.e, y )a{g(x, y)} dx dy 

to evaluate. There are essentially two ways of doing 
this. One is to use the formula (A.4) to integrate over 
x or y directly, giving on integration over x, for 
example, 

F[x*(y),  y] 
f [ ' ~ ]  ~xg[x.(y),y ] dy, (A.5) 

where x*(y) is that value of x for which g(x, y) = 0 
with any fixed value of y. Of course, the curve 
g ( x , y ) = 0  may have several branches, so that 
several x*(y) may correspond to certain values of y, 
as implied by the summation. This r,_, nod, applied 
to x or to y, is adequate provided that ag]Ox or 
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ag/ay, respectively, is never zero. The breakdown of 
(A.5) occurs because one derivative of g vanishes, 
but if the curve defined by g(x, y ) =  0 is smooth, 

IVgl = x/{(oglox)'- + (ogloy) 2} 
never vanishes. If, therefore, we change coordi- 
nates from (x ,y)  to ( s ,n) ,  where s denotes arc 
length along a curve g(x, y ) =  constant and n de- 
notes the normal to that curve in the direction of 
increasing g, then we may integrate out the 8- 
function by integrating by (A.4) in the n-direction. 
This gives (Jones ~'p2"3~) 

f =  ( Ftx*, y*) 
3 I o g - 7 ~ ( ~ ,  y*)l as*, (A.6) 

where (x *, y*) is a point on the curve S* defined by 

g(x*, y*) = 0. 

If S* is smooth, IOglOnl = IVgl # 0, so that we never 
get into the difficulties associated with integration 
parallel to one of the coordinate axes. 

Now, to go from the concentrated system repre- 
sented by 8-functions to an extended system 
involves integration over the extended region. It is 
convenient to use a particular notation for this 
process which enables formal manipulations to be 
simplified. We define the convolution product of 
two functions f, g as 

(f*g)(x) = f(y)g(x - y) dy (A.7) 

if the functions depend on an n-vector  x. It is easy 
to show that 

f*g = g'f,  
f*(g + h) = if*g) + (f 'h), 

(f*g )*h = f*(g*h ) = (g*f)*h . . . .  

An important property of the convolution product 
is that differential operators may be applied to 
either element of the product at will. Thus, 

O@ ff*g)(X)= o-~, f f(Y)g(x- y)dy 

= f f ( y ) ~ ( x - y ) d y  

o r  

= / .  0__gg 
OX~ 

= - f f ( y ) ~ y ( X - y ) d y  

= - f o @ { f ( y ) g ( x - y ) } d y  

+ f g(x-y)-~y (y)dy 
Of ._ 

= T~X~ g 
since the first integral vanishes by the divergence 
theorem on integration over a large volume pro- 
vided the function f, g vanish sufficiently rapidly at 
infinity. More generally, if L is any (linear) diffe- 

rential operator, then 

L(f*g) = (Lf)*g = f*(Lg) . . . .  (A.8) 

The property (A.8) is very important and more 
easily proved in general than in particular cases. 

Convolution algebra enables solutions of some 
types of differential equation to be written and 
easily manipulated, once a particular kind of 
solut ion-- the Green's  funct ion-- is  known. Sup- 
pose we have an equation 

L~d~ = L2Q (A.9) 

for the unknown function ~, with Q a known 
function and L,, L2 linear differential operators. 
The Green's function for the operator L, is defined 
as the solution of the equation 

LIG = ~ (A.10) 

together with appropriate boundary conditions. If 
G is known, the solution of (A.9) is simply 

4~ = L2(Q*G) (A.11) 

for operating on ~h as defined by (A.11) gives 

L,dp = (L2Q)*(L,G) by (A.8) 
= (L.~Q)*6 by (A.10). 

(f*8)(x) = f f(y)8(x - y) dy But 

= f (x )  for any f. 

Hence, L~b = L2Q, as required. 
To take a particular example, let 

2 _ 02T~j, . ,  
L, = ~-~) - a ° ~ V 2 ' a t  L2Q - ~ t x ,  t) 

so that (A.9) is then the Lighthill noise equation. 
We need the solution of (A.10), which reads 

(0 ]~ -aoV: )  G(x, t ) =  , (x )8 ( t )  

and can be shown to be 

8(Ix I - aot) G(x, t) = 47ra0[x[ ' in three space dimensions. 

Then, 

O: 
0b(x, t) = ~ f T,j(y, z) 

8[Ix-yL- a o ( t  - ~')] dy dr. 
x 4 Iraolx - y[ 

Integrating out over r produces Lighthill 's retarded 
potential solution, 

0 2 fT,~(y, t- lx-yl lao ) 
6(x,  t) - - ~ j  4~ra~lx_ y I dy. 

If required, the differentials may be taken under the 
integral, by (A.8), to give instead, 

f 02To r., dy 
th (x ,  t )  = J 0y~Oy-----~ ta ,  t - Ix - y [ / a o )  47rao2[x _ YI' 

but the equivalence of these two expressions is 
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much more easily found in this way using (A.8) than 
by direct verification in this particular case. 

The Green's function defined by (A.10) above is, 
of course, not unique, for any solution of L . G  = 0 
can be added to it. In the cases that we shall 
consider, uniqueness can be established by requir- 
ing either a Causality Condition (that output cannot 
anticipate input) or a Radiation Condition (that in 
an unbounded medium, waves must be outgoing at 
infinity) to hold. It is worthwhile to list here the 
Green's functions for frequently occurring equa- 
tions. 

Harmonic  oscillator. 

( 0 ~ +  t o ~ ) G ( t ) =  6(t) ,  
(A.12) 

1 G(t )  = - -  sin tootH(t) (Causality). 
too 

Wave equation, one dimension. 

(0-~-aoV")  G(x, t) = 6 (x )6 ( t ) ,  
(A.13) 

G (x, t) = ~ H{aot - [ x  l} (Causality). 

Wave equation, two dimensions. 

( a ~ , - a ~ V " l  G(x, t ) =  6(x)6(t), 
\ o i l  (A.14) 

, ,  _ n ( a o t  - Jx[) 
G(x, , ,  - 27rao{a~t'-Ixt=} ' ' :  (Causality). 

Wave equation, three dimensions. 

( 0 - ~ " -  a°V2) G ( x , t ) = 6 ( x ) 6 ( t ) ,  
(A.15) 

G(x, t) -- ~ (Ix l -  aot) 47raolxl (Causality). 

Helmholtz  equation, one dimension. 
0 2 (0_~2+ k~) G(x) = 6(x ) exp ( -  iwt), 

to = aoko (A.16) 
1 exp(ikolxl) G (x) = ~ (Radiation). 

Hehnholtz  equation, two dimensions. 

(V2+ k~)G(x) = 6(x), 
(A.17) 

1 

G(x) = ~ n'?(lxlko) (Radiation). 

Hehnholtz  equation, three dimensions. 

(V 2 + k ~) G (x) = t~ (x), 
(A.18) 

G(x) = - exp (ikolxl) (Radiation). 
4~'lxl 

Plate equation, two dimensions. 

(0-~ + p, zV 4) G(x, t ) =  6(x)6( t ) ,  
(A.19) H(t)  I~12 

G(x, t) = - si ~-1~-- (Causality) 4Trp, 4p, t 

s i (u)  = - f f  Sinv v dv 

Reduced plate equation, two dimensions. 

( V ' -  k~)a(x) = 8(x), 
(A.20) 

(Radiation, time factor exp ( -  iwt), w -- ~k~,.) 

The important thing to note about these functions is 
that those for the Helmholtz and reduced plate 
equations--i .e,  those in which the time dependence 
is assumed to be harmonic, exp ( - itot)--all have a 
similar structure, while those for the full (x, t) 
equations have little common structure. Thus apart 
from numerical factors, (A.16--18) and (A.20) have 
the asymptotic forms for k Ixl ~> l, 

e iknlxl e Ik°lxl e ikoFx[ e ikp [xl 

They all have the phase exp (ik[x D appropriate to an 
outgoing wave with time factor exp ( -  iwt), and the 
remaining dependence upon Ix[ is determined by the 
number of space dimensions in which the wave 
spreads. The remaining dependence upon wave 
number k can be determined simply by dimensional 
reasoning. 

Consider, for example, the one-dimensional plate 
equation, for which 

02 , O ~ 
L --- ~-~ + p," 0-~, 

and suppose a time factor e x p ( - i w t ) ,  so that L 
takes the form O"/Ox ' - k~. We want a solution of 

0 - k p  G ( x ) = 6 ( x )  

representing outgoing waves at infinity. Note that 
the dimensions of G here are (length) 3. At x = 0, G 
must have some singularity to account for the 
6-function, but away from x = 0 we have just 

so that 
G ; k  x --ik x = e  " ,  e P ,  

or equivalently, 
a = e -*k~[xl, e *-ik~lxl. 

The term e ÷k;~l is not allowed if G is to remain 
bounded as I x l ~ ,  while a term e%l,I is negligible 
for k, lx[>> I. The term e -%ix1 combined with e -i~' 
gives incoming waves from infinity and, hence, the 
only possibility is 

G - e %  m for k. lxl >> 1. 

There is no further dependence on Ix I because the 
wave cannot spread, and kg' is the only length 
available so that 

G - k g 3  e %1"I for kp[xl>>l 

up to a purely numerical constant. Thus, the asymp- 
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totic form of G can be found quite s imply- -  
although it may be impossible to get a simple exact 
expression for G. 

Next,  we come to the use of Fourier integral 
transforms. If f (x )  is any ordinary or generalized 
function of an n-vector  x, the F.T. of f (x)  at 
wavenumber k is defined by 

= f:: f(k) f(x) e'"" dx. (A.21) 

Many other linear integral transforms may be de- 
fined in a similar way, but the F.T. has a special 
physical significance provided by the inversion 
theorem, 

: ( x )  

This shows how f(x) may be resolved into harmoni- 
cally varying spatial "modes" ;  an instantaneous 
picture of f(x) may be built up from wavelike 
structures with all possible wavelengths 2~r/lk I and 
all possible propagation directions k/Ikl, The com- 
plex amplitude of each mode is proportional to f(k), 
and that contains both amplitude and phase. In a 
sense, the Fourier  theorem allows us to talk of 
components of a process with different length 
scales, though some care is necessary in identifying 
f(k) with those aspects of a physical process with a 
length scale of order Ikl-'. The essential ideas we 
need here about F.T. 's  are simply that if f(x) is a 
function contained more or less within a cube of 
size a, then f(k) is a function contained more or less 
within a cube of size a - ' .  For  example, in one 
dimension, the F.T. of 

f (x)  = 1 Ixl < a 
= 0  Ixl>a 

is 
2 sin ka 

f (k )  k ' 

and is different from 0 only when ka ~ 1. The F.T. 
of f ( x ) =  e -~/°~ is y(k)= ~r '2 e -k:~=/' and again is 
concentrated on the region ka <. 1. 

In much of our work, we deal with functions of 
(x, t), and often split all functions into time- 
harmonic elements by writing 

1 f÷~ e doJ, /(x, t) =~--ff~ -~/(x,  ~o) -'°' 

/(x, w) f(x, t )  e ~'  dt. 

Further transforms in the space variables will also 
be needed from time to time and will be defined as 
required. 

A very simple (though completely non-rigorous) 
proof of the F.T. inversion theorem can be given 
using generalized functions. We start by proving 
that 

sin Nx 
~m = 8(x). (A.23) 

"rrx 

To do this, consider 

+'sinNx G(x )dx  = f.÷® sin y G ( y / N ) d y ,  
"trx _® qry 

so that 

[-= sin f [ "  ~ y y  lim NX G(x) dx = G(O) dy = G(O) 
N ~  3-~ 7rX 

so that (A.23) is proved. Next,  we prove that 

f+'_~ e ~ dx = 2~rS(k). (A.24) 

For  

f f_mr4 m 2 s i n N  k =tim ~ e 'Udx=~ k 

= 2~'8(k) by (A.23). 

Finally, defining 

f;: l (k)  = e'~l(x) dx, 

we have 

f[ f[ f (k  ) e -'~ dk = f(x ' )  e'~-'~ dx' dk 

= f(x')2~rS(x' - x) dx' 

= 2~rf(x), 
so that 

l f+~ e-t~ f (x)  = ~ -, f (k)  dk, 

which is (A.22). For  n-dimensions, we have only to 
replace (2~r) -~ by (21r)-", 

Note finally that, if f (x)  is real, then f * ( k ) =  
f(  - k), and that, if f (x)  is real and even, then f (k )  is 
real and even. 
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